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Preface

The field of nonlinear hyperbolic equations or systems has seen a tremendous
development since the beginning of the 1980s. We are concentrating here on
multidimensional situations, and on quasilinear equations or systems, that is,
when the coefficients of the principal part depend on the unknown function
itself. The pioneering works by F. John, D. Christodoulou, L. Hormander,
S. Klainerman, A. Majda and many others have been devoted mainly to the
questions of blowup, lifespan, shocks, global existence, etc. Some overview of
the classical results can be found in the books of Majda [42] and Hormander
[24]. On the other hand, Christodoulou and Klainerman [ 18] proved in around
1990 the stability of Minkowski space, a striking mathematical result about the
Cauchy problem for the Einstein equations. After that, many works have dealt
with diagonal systems of quasilinear wave equations, since this is what Einstein
equations reduce to when written in the so-called harmonic coordinates. The
main feature of this particular case is that the (scalar) principal part of the system
is a wave operator associated to a unique Lorentzian metric on the underlying
space-time. This is in strong contrast with the more complicated case of general
symmetric quasilinear systems: the compressible isentropic Euler equations,
for instance, can be viewed as a quasilinear wave equation coupled to a vector
field; the system of nonlinear elasticity involves two different wave equations,
etc.

I consider here only the case of quasilinear wave equations. We observe two
main domains of interest: the study of global smooth solutions, and the study of
low regularity solutions, both domains being connected. The striking feature is
the unity of the techniques and ideas used in the works on these domains: The
emphasis is always on good directions and good components, these components
being components of tensors relative to some special frames, the null frames.
Hence the observed unity comes from the fact that most concepts, such as

vii



viii Preface

metrics, connexions, curvature, etc., are borrowed from Lorentzian geometry.
This is, of course, related to mathematical work by Penrose and collaborators in
the domain of general relativity, where null frames have been used extensively
(see, for instance, Penrose and Rindler [43]).

Since the work of Christodoulou and Klainerman cited above, many math-
ematical papers on the subject of quasilinear wave equations or Einstein equa-
tions use the language of Lorentzian geometry and deal with energy—momentum
tensors, deformation tensors, etc. However, there seem to be some difficul-
ties: Riemannian geometry books do not include the specific Lorentzian tools
such as null frames; most relativity books do not include a description of
the relevant mathematical techniques. Let us, however, draw attention to the
books of Hawking and Ellis [23] and Rendall [44]; which include substantial
mathematics.

I believe that the use of Lorentzian tools in the mathematical study of non-
linear hyperbolic systems is going to intensify further, even in the aspects
of the field not directly related with general relativity. This is what we call
“geometric analysis of hyperbolic equations.” It is true that there are exam-
ples of nonlinear wave equations which are perturbations of the standard
wave equation by small nonlinear terms, where it is enough to consider only
the geometry of the standard wave equation, that is, the Minkowski metric:
These examples are striking, but the possibility of this simplification seems to
be related to the fact that one is considering only small solutions; for large
solutions, we believe that it will be necessary to take into account the geometry
of the linearized operator, that is, a Lorentzian metric depending on the solution
itself.

This book is meant for people wanting to access the mathematical literature
on the subject of quasilinear wave equations or Einstein equations. Its goal is
twofold:

(i) To give to analysts in the field of partial differential equations (PDEs) a
self-contained and elementary access to the necessary tools of Lorentzian
geometry,

(i1) To explain the fundamental ideas connected with the use of null frames.

This book can be read by students or researchers with an elementary back-
ground in distribution theory and linear PDEs, specifically hyperbolic PDEs.
No knowledge of differential geometry is required. Though the largest part of
the text is about geometric concepts, this book is not a book about Lorentzian
geometry: it introduces the geometric tools required to understand the mod-
ern PDE literature only as and when they are needed. The author not being
a geometer, I deliberately chose to give naive and self-contained proofs to all
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statements, which can be viewed as “do it yourself” exercises for the reader,
without using sophisticated “well-known” facts. I hope that I will be forgiven
for that.

Finally, I would like to thank S. Klainerman and F. Labourie for many
helpful conversations.
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Introduction

The prototype of all hyperbolic equations is the wave equation, or
d’Alembertian

O0=0>—A,, A=03>+087 +0;

in Ri,z- In order to introduce the concepts and questions of this book, we first
review briefly some decay properties of the solutions of [l¢ = 0. We refer the
reader to [9] for all formula and proofs.

1. We consider in Ri, , the Cauchy problem for the standard wave equation

O¢ = (3) = A)g =0, ¢(x, 0) = o(x), (3B)(x, 0) = ¢1(x).

a. Suppose for simplicity ¢o, ¢1 € C°, ¢;i(x) = 0 for r = |x| > M: as a con-
sequence of the classical solution formula, the function ¢ can be represented
forr > 1as

1 1
¢(xst)=_F(r_t1w1_>7r=|x|sw=
r r

for some C* function F(o, w, z). Since the propagation speed is 1, F vanishes
forr >t + M, thatis, 0 =r —t > M. By the strong Huygens principle, the
solution also vanishes forr <t — M, thatis,oc =r —t < —M. Thus F and ¢
are supported in the strip |r — | < M close to the light cone {r = t}. Setting
9, = Y 'd;, we introduce the two fields

L=09+0,L=20—29,
and define the rotation fields R = x A 0,

R1 =x283 —x382, Rz =)C331 —x'83, R3 =x132 —xzal.



2 Introduction

Note that R;(r) =0, and ) ®'R; = 0. Using the representation formula, we
observe that

0, F 5
L¢=—2— 3 =0 "), r > 4o0.
r r

Similarly, since 3,0/ = (8/ — &' w/)/r,
R -2
—¢=00""), r > o0,
.

while, for instance, L¢ has only magnitude »~'. Hence the special derivatives
L¢, (R/r)¢ behave better at infinity than the other components of V. We call
them the “good derivatives” of ¢.

b. We explain now how to obtain the same decay result for the good derivatives
using an “energy method,” which is an alternative approach to the preceding
decay results that does not use an explicit representation for ¢. We define the
hyperbolic rotations H = ¢9 + x9;,

Hy =13, +x'9,, Hy =13, +x%3,, Hy = 13 + x’8,,
and call Lorentz fields Z all the fields
o S =13, + Y x'0; =13, +rd, R=x A0, H =10+ xd,.

These fields are known to commute with [, except for the scaling field S which
satisfies [[J, ST = 20J. In the situation in a, commuting the fields Z with [J we
obtain [JZ¢ = 0; using the standard energy inequality for the wave equation,
we obtain the bound

Y IVZ)- Dl < C.

Now, the following easy formula establishes a connexion between the special
derivatives L, R/r and the Lorentz fields:

R
HL=3S§ H, t —r)L =8 — H, — =1"'woAH.
(r+1) +Za) (t—r)L Za) . 1)

Note also that for any smooth function supported in |r — | < M, we have the
Poincaré inequality

w(, Dl < ClI@-w)(, D2

Using these formulas, we get for the special derivatives of L¢, (R/r)¢

=00, t > 4oo.
L2

R
(VL) DIz = O™, Hv7¢><-, 1)
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Taking into account the support of ¢ and using again the Poincaré inequality,
we even obtain

=00, t > +oo.
L2

LR
LA Dl = 0™, | = gC.1)

Note the contrast with the information given by the standard energy inequality,
which yields only the boundedness of these quantities.

It is, in fact, possible to recover the pointwise estimates from a using the
preceding L>-estimates. For this, we first commute a product Z* of k of the
Lorentz fields with the wave equation, thus obtaining [1Z "¢ = 0. Then we use
the Klainerman inequality, which is valid for any smooth function v sufficiently
decaying at infinity:

e DI+ 40+ —r)? < C Y 12, Do,
k<2
We thus obtain again the pointwise bounds that we had from the explicit
representation formula

Lo =0, §¢> =01

Note, however, that this “energy method” is likely to work in variable coeffi-
cients situations (or nonlinear situations), where we do not know the represen-
tation formula.

If the data are not compactly supported but are sufficiently decaying as
|x| — 400, this energy method still works, but the “interior” behavior of the
solution (that is, away from the light cone {r = r}) is not as good as before.

c. In b, we commuted products of Lorentz fields with [J and then used the
standard energy inequality. There is, however, still another type of “energy
approach” that displays better behavior of the special derivatives L¢, (R/r)¢.
This approach does not involve Lorentz fields, but instead requires a different
type of energy inequality. We give two examples of this.

First, one can prove the following improvement of the standard energy
inequality: for all € > 0, there is some constant C. > O such that, assuming
O¢ =0,

) —l—e 2 R

Ey(T)} + [/ (r—1) [(qu) ¥ ’—¢>

0<i<T r

2 3
} dxdt} < C.E4(0)?.
Here, E, is the standard energy

Ey(t) = %/[(3@)2 + Vi@ P1(x, 1)dx.
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This inequality is easily obtained in the same way as the usual energy inequality,
using the multiplier d; and a weight e“, where a = a(r — t) is appropriately
chosen (see [9], for instance). This inequality is only useful in a region where
|r — t]is smaller than ¢, that is, close to the light cone. In the region |r — ¢| < C
for instance, the L2 norm of the special derivatives L, (R/r)¢ is not just
bounded, it is an L? function of . We can thus identify the “good derivatives”
of ¢ directly from the energy inequality, without commuting any fields with
the equation.

The second example of an inequality displaying the good derivatives is the
conformal energy inequality which gives, for O¢ = 0,

Ey(t): < CEy(0),
where the conformal energy E is
Eolt) = 1 16567 + 1RO + 1HOP + #7)0x. 1
This inequality is obtained in the usual way using the timelike multiplier Ky:
Ko = (r> + 120, + 2rtd,.

Using the identities (r + )L =S+ ) o, H;, R/r = t~'w A H from b, the
bound of the quantities ||(Z¢@)(-, t)||.> provided by the inequality yields the
bounds

oy (R —1
(L), Dl = 0@ ™), 7¢(-,t) =0@).

L2
Once again, we can identify the good derivatives of ¢ directly from the confor-
mal energy inequality.
2. Consider now, at each point away from r = 0, the null frame
e, e, e3=L=0—0,es=L=0+0,

where, at each point (xo, t), (e;, ;) form an orthonormal basis of the tangent
space to the sphere

{(x, 1), t =10, x| = |x0l}.
Using spherical coordinates
x' =rsinfcos¢, x> =rsinfsing, x> =rcosb,

we can take (away from the poles)

ey =13, ey = (rsinf)'d,.
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The fields e, e, are related to the rotation fields by the formulas
. R R, . Rs

e; = —(singp)— + (cosp)—, e, = (sinf)” —.
r r r

Hence the “special derivatives” of ¢ on which we insisted above are just,
equivalently, the components of d¢ on e, e;, and L, that is, some of the
components of d¢ in a null frame, the only bad derivative being L.

To understand the name “null frame,” it is best to introduce on R* the
scalar product of special relativity. For two vectors X = (X°, X', X2, X?) and
Y =0 Y, ¥2, Y3), we set

(X.7)=-Xv"+ )" X'y’
1<i<3

We can then easily check the fundamental properties which define a null frame:
(e1,€) L (e3,e4), (L, L) =0, (L,L) =0,(L,L) =—2.

The “gradient” V f of a function f in the sense of this scalar product is defined
by

VY, (VL Y) =df(Y) =Y(f).

This gives immediately

6]“ = (_affa alfa 82f7 a3f)'
For instance,

~ X

Vit —r)=— (1, —) - L.

r
Since L is “null,” we also have, withu =t — r,
(?u, W) =0,

and we say that u is an optical function. Note that the null frame (e, e, L, L)
is associated to the functions u and ¢ in the sense that:

(i) the surfaces {r = 1y, u = up} are the usual spheres,
(i) L = —Vu and (L, L) are the two null vectors in the orthogonal space to
these spheres.

This shows us how null frames and optical functions are related. Of course,
the function u = ¢ + r is also an optical function, and L = —Vu. Note that
the level surfaces of u are outgoing light cones, while level surfaces of u are
incoming light cones; also, the good derivatives (e;, e, L) span, at each point,
the tangent space to the outgoing cone through this point.
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Let us mention to finish the relations between the fields S, K (that we have
already encountered) and u, L, u, L,

S =YL +uL). Ko = L’L+v’L).

3. The aim of this book is to explain how one can extend the previously
discussed concepts and results to a general framework. More precisely, suppose
we have, instead of the “flat” Minkowski metric | X|> = (X, X), a more general
metric g:

8= gupdx®dx’, g(X.¥)= (X.¥) =) gupX°Y".

We assume, of course, that this metric has the signature —, +, +, 4+ just like the
Minkowski metric. We define the wave equation [] associated with this metric
by

et =06 = 18172 D (g’ 131295,

where |g| is the determinant of the matrix (g.g) and (g*P) its inverse matrix.
However, we sometimes write [ = 8,2 — A for the standard wave operator
(instead of — 83 + A). Our interest centres on these wave equations, and also on
the associated Maxwell and Bianchi equations. From the considerations above
for the “flat” case of the Minkowski metric, the following natural questions
arise: for solutions ¢ of [g¢p = 0,

(i) Are there “good derivatives” of ¢ (in the sense of a better decay at infinity),
analogous to L¢, (R/r)¢?
(i) How should a null frame that captures these “good derivatives” be chosen?
(iii)) What is the relation between null frames and optical functions?
(iv) Can one prove energy inequalities where the good derivatives are singled
out, as in 1.c?
(v) Are there good substitute for the Lorentz fields Z?
(vi) Can one commute these substitutes with [J to obtain pointwise bounds for
the solutions, as in 1.b?

The plan of the book follows from what we said before, about introducing the
necessary geometric machinery only as and when it is needed.

e In chapter 2, we discuss the notions of metric, optical functions, and null
frames, and give simple examples found in the literature.

® The differential geometry aspects appear in chapter 3, where the metric
connexion is introduced, as a necessary tool to deal with frames; we then
define the frame coefficients and compute them for simple examples.
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Chapter 4 is dedicated to the specific machinery used to prove energy inequal-
ities: the energy—momentum tensor, the deformation tensor, etc. The idea is to
do the computations in such a way that the energy and the additional “interior
terms” can be easily expressed in the frame in which we are working.

The question of how to chose a good frame and thus identify the good
components of tensors is adressed in chapter 5, where we discuss extensions
of the standard energy inequality and of the conformal energy inequality.
The way to find substitutes for the standard Lorentz fields and to commute
them with [J is explained in chapter 6.

The curvature tensor is introduced only in chapter 7, where we explain how to
control optical functions and their associated null frames. We establish there
the transport equations and elliptic systems (on (nonstandard) 2-spheres)
which govern the frame coefficients.

Finally, the last two chapters are devoted to discussing a number of applica-
tions of the ideas presented in the previous chapters to nonlinear problems.
Though it seems impossible to give complete proofs of very difficult results,
we try to outline the constructions of frames, the inequalities used, etc., in
the hope of providing a guide for further reading.



2

Metrics and frames

2.1 Metrics, duality

1. We will work in R* or in a four-dimensional manifold M. Local coordinates
on M are denoted by x*, « =0, 1, 2, 3. Sometimes, x0=1tis thought of as
“the time,” while (x!, x2, x3) are the “spatial coordinates,” though this does not
make much sense in the context of relativity theory. The corresponding partial
derivatives are 9, = 9/dx“. From now on, we assume the concepts of vector
fields and 1-forms are known, referring to [46] if necessary.

The position of the indices is crucial: vector fields are indexed with a lower
index, such as d,, 1-forms are indexed with an upper index, such as dx®. The
components of a vector field X are denoted by X*, since X¢ = dx“(X), and
the components of a 1-form w are denoted by w,, since w, = w(9,). Here and
in what follows, a repeated sum on an index in the lower and the upper position
is never indicated; for instance, we write in local coordinates a vector field
X =) X%y = X"y, a I-form o = Y wedx® = w,dx®. If f is a function,
we define df = > (8, f)dx® = (3 f)dx*, and Xf = X®9, f, etc.

2. A metric is the smooth assignment to each point m of a symmetric non-
degenerate bilinear form on 7;, M. In local coordinates x*, the components
of the metric are g5 = g(d,, dg), which are supposed to be smooth. Hence
g can be locally identified with the symmetric 4 x 4 invertible matrix (gug).
The elements of the inverse matrix are denoted by g*#, the determinant of g
by |g|. Throughout the book, the signature of the quadratic form g will be
(=1, 41, +1, +1); in other words, the metric is assumed to be Lorentzian, in
contrast with the Riemanian case, where g is assumed to be positive definite.

Using the same convention on repeated indices, the metric is sometimes
written

g =ds® = gupdx®dx?, g(X,Y) = (X, Y) = gup X“YP.

8



2.1 Metrics, duality 9

We give a short list of the most common examples of Lorentzian metrics:
(1) The Minkowski metric (also called “flat” metric) is given on Ri . by
g = —dt* + (dx")? + (dx?)* + (dx>)°.
Using spherical coordinates (see the introduction), we get
g = —dt* + dr* + r*(d0* + (sin 0)d ).

Setting u =t +r, u =1t —r, then tan p = u, tang = u, it is often con-
venient to compactify the whole of R* by introducing new coordinates
t'=p+gq,r =p—gq,with

—am <t +r<m, —nm<t—r <m, r>0.
In these coordinates, the metric is
g = [4cos(3(t' + ") cos?(3(t' = rNI"'2,
g = —dt"” + dr”? + sin® r'(d6* + (sin® 0)dp?).

The corresponding drawing in two dimensions in the coordinates (+', t’)
is called a Penrose diagram. It allows a better understanding of “infin-
ity”: the lines ZW ={r' +t' =x} and T~ = {t' — ' = —m} are called,
respectively, future and past null infinity, the point (' = 7, ' = 0) spatial
infinity, etc.

(i) Perturbations of the Minkowski metric can be defined by

g =—dt* + Zgijdxidxj.

Note that in this context, latin indices run from 1 to 3 (while greek indices
run from O to 3). The matrix g;; is assumed to be positive definite. As there
are no ‘““cross terms”, we say that g is split.

(>iii) The Schwarzschild metric is

-1
g=- (1 — 27’”) dr* + (1 — 27’") dr? 4 r*(d6* + (sin® 6)d¢?).
Here, m > 0 is given, and (7, 8, ¢) are spherical coordinates on R3. When
m = 0, this metric reduces to the Minkowski metric written in spherical
coordinates. One can show that the surface {r = 2m} is only an apparent
singularity of the metric, and one can also construct Penrose diagrams for
this metric (see [23] for details).
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(iv) The Kerr metric is

A — a?sin? 6 in?

> 0
§= - dr + Zdr - 4amr51Z didg

+ Asin’0d¢* + £d6?,

withE = r2 +a%cos?0, A = r2+a%> = 2mr, A = (r* +a*? — a*A
sin?6. Whena = 0, g is the Schwarzschild metric. Again, how to construct
Penrose diagrams for Kerr metrics is explained in [23].

3. A given metric provides a bijection between vector fields and 1-forms
according to the formula

VY, (X,Y) = o(Y).

We say that X and w are dual to each other if the above relation is true for all
vector fields Y. In local coordinates, this reads

X = X%y, o = w,dx®, gaﬁXﬁ = w,.

We say that o, is obtained from X? by “lowering” the index, and we just write
Xy = gupX B . Analogously, we write, “raising” the index, w® = g"‘ﬂwﬁ. Hence
we do not distinguish between X and w, using the same letter for both.

Recall that for each point m, a p-tensor 7 is a p-multilinear form on 7,, M
(depending smoothly on m). The case p = 1 corresponds to 1-forms. For a
given basis (ey), the components of T in this basis are

Taﬁ...y = T(ea, [T ey).

If we have chosen local coordinates x¢, it is understood that we take e, = 0,
thus

Taﬁ...y = T (0q, 85, e ay)

For any tensor 7', the process of raising or lowering indices is the same as
before. For instance, for a 2-tensor T', we set

Tg = gﬂy T}/O()
and so on.

a. Let f be a C! function on M. The gradient V f is defined as the dual of
df, with components

VY =9"f=g"df
Note that, by definition, (V f, X) = df(X) = Xf, a very useful formula.



2.1 Metrics, duality 11

b. If (e, ) is a basis, we denote by g, the components of the symmetric 2-tensor
g in this basis, and g*? is as before the inverse matrix to 8ap- The dual basis
of (ey) is then defined to be

e = g“ﬂ eg,

in such a way that

<€a, €ﬁ> — gO‘V(ey’eﬁ) — gayg}/ﬂ = Sg’

85 being 1 for « = B and O otherwise. For a 2-tensor T4, we define its trace
to be
tr] = g“ﬂTaﬁ = T(ey, %) = T(e%, ey).

The remarkable fact is that this trace is independent of the basis e, chosen.
In fact, if we denote again abusively the matrix with elements T4 by T, the
definition gives

tr] = trace(Tg_l).
Let us now consider a new basis
éa = Aﬁeﬁ.

The new matrix 7 is now

Tup = T(2u. 25) = AL Al Tup.
Denoting the matrix a,s = A? by a, we see that T = aT'a. Similarly, § =
ag'a. Hence

1

trace (Tg ') = trace (aTg 'a™') = trace (Tg ™),

which gives the desired invariance.
c. Define locally the 4-form € to be
€= |g|%a’)cO Adx' Adx? Adx3.

From now on, we assume that we are working on R* or on an orientable
manifold M. One can then easily check that € does not depend on the local
coordinates; we call this the volume form. One should not confuse this volume
form with the volume element used to integrate functions on the manifold,
which is the positive measure dv = | g|%dx (see [46]).
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d. For any tensor T4, we define
IT|? = Top.., TPV
For instance, if T is a vector field, or a 1-form,
TP = T,T* = g T’ T* = (T, T)

as expected. Note that |T'|> has no reason to be nonnegative.

2.2 Optical functions

A C! function u is called an optical function if it satisfies the eikonal equation
8P Budpu = gopd*udu = (Vu, Vu) = |Vul* = 0.

In PDE terms, this means that the level surfaces {u = C} are characteristic
surfaces for any operator with principal symbol g*#&,&g. The classical examples
for the Minkowski metric are the functions u = ¢ —r and u =t + r; in this
case, the level surfaces {u = C} and {u = C} are respectively, the outgoing
light cones and the incoming light cones with vertices on the #-axis, and the
integral curves of the fields L = —Vu and L = —Vu generate the cones. In
general, note that if an optical function u is constant on a surface S, then Vu
is both normal and tangent to S. Conversely, if « is constant on a surface S to
which Vu is tangent, this implies that « is an optical function.

There are many ways of constructing optical functions for a given met-
ric. One possibility is to solve a Cauchy problem for the eikonal equation
g*P9,udgu = 0 with data on some hypersurface, using the classical method
of characteristics. Another possibility is to define first outgoing and incoming
(half-)cones with vortices on some line, and to take # and u to be functions
having these half-cones as level surfaces. We will come back to this in section
3.3 and in the last chapter. Below, we show the role played by optical functions
in constructing the special basis called null frames.

2.3 Null frames

In a Euclidean space, the orthonormal basis play an important role. The
corresponding concept for a Lorentzian metric is that of null frame. A null
frame is a basis (ej, ez, €3, e4) given at each point (and depending smoothly on
this point), such that

(e, e1) =1, {e2,e2) =1, (e1,e2) =0,

(639 63) = 07 (643 64) = 07 (633 64) = _2/1/7
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and the subspace generated by (e;, e;) is orthogonal to the subspace generated
by (e3, e4). The vectors e3 and e4 are called null vectors (that is, they are
isotropic for the quadratic form g). We always arrange © > 0, and sometimes,
in fact, u = 1.

The most classical example of null frame is, for the Minkowski metric, using
spherical coordinates,

e =r""0, ey =(sin0) 9y, 3 =L =0, — 0, e4=L =0 +0,.
The first two vectors form an orthonormal basis on the spheres of R? (for
constant #), the last two a basis of the orthogonal space to the sphere, and
u=1.
For the Schwarzschild metric, since the metric is rotationally invariant,

we also use the standard spheres, the restriction of the metric being then the
standard Euclidean metric. We take (e;, ¢,) as usual, and

2m 2m
e3 = 0; — I—T 0, €4 = 0; + 1—7 0.

The case of the Kerr metric is more delicate, since the metric is not rotationally
invariant. According to [47], there are good algebraic reasons to set

A

X=0+ “rra

a(b’ Y 8}"

v
and to choose
el = X205, e = (37 5in0)"' (3, + a(sin® 0)d,),
es=X—-Y, ea=X+4Y, (e3,e4) = —ZEA(;'2 —i—az)*z.
Note that (eg, e;) are not tangent to a sphere foliation, since
[e1, e2] = (r2 4+ a®)E "2 cosOlaS "2 (e3 + ey) — (sin@) ley]

is not generated by (ey, e;).
The matrix g.g of the components of g in a null frame is split into two
2-blocks, and, for X = X%e,,
g(X, X) = (X')* + (X°) — X’ X*.

Note, also, for further reference the formula which gives V f in a null frame:

1
Vf =e(fle +exfles— Z(&(f)es + e3(f)es).

The dual basis of a null frame is the basis

1 1
€r, €, —564, —563,



14 Metrics and frames

hence the trace of a symmetric 2-tensor 7 will be
1
T =T(ey,er) + T(ez, e2) — ;T(%, e4).

In general, for a given metric g, we wish to construct “good” null frames, that
is, null frames which make the computations as easy as possible (in particular,
we try to arrange 1 = 1 in most cases). There follow a few examples.

1. Quasiradial frame Let g be a metric on R}, satisfying g% = —1I,
Y. 8% =0, w=x/r. In particular, a split metric will satisfy the condi-
tions. Set

T =—Vt=—g"@,1)d = —g"%d5 = 8, — g"9,.
We observe that (T, T) = V#(t) = —1, and that T is orthogonal to the surface
X ={(x,n}
We then define N = Vr/|Vr|, a unit vector orthogonal to the standard spheres
{t =19, r = ro}.

Moreover, T and N are orthogonal, since 9;r = x'/r = o' and

\Vr(T, Ny = T(r) = Zg% =0.

Hence, if we take (e, e;) to be an orthonormal basis (in the sense of g) on the
standard spheres, the basis

el,er,e3=T —N,esa =T+ N

is a null frame, called a quasiradial frame, with (e3, e4) = —2. In the case of the
Minkowski metric, T = 9;, N = 9,, and the construction yields the classical
example.

The advantage of this choice is its explicit character and simplicity, since
it involves only the foliation by the hypersurfaces %, and the foliation by the
standard 2-spheres: We will see that it is sufficient for many applications. Note
that the null frame for the Schwarzschild metric given above is essentially a
quasiradial frame (apart from the fact that g00 is not —1). It turns out, however,
that there can be good reasons to introduce nonstandard spheres, as we shall
see presently.

2. Null frame associated to one optical function Letg = —dt> + g; sdx'dx’
be a split metric on R}, (close to the Minkowski metric) and u an optical
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function for g (close to t — r); this is, for instance, the framework used in [28].
Using the coordinate ¢, we define the foliation X, = {(x,1),f =t} asin 1,
and using u, we define the foliation by nonstandard 2-spheres as

Siouo = {(x,1), t =19, u(x, 1) = up}.

We then set L = —Vu = (9,u)d, — (g"/ d;u)d;. Since Vu is orthogonal to {u =
uo} and 9, is orthogonal to ¥, the field N = —(g"/9;u)d; is an horizontal field
orthogonal to Sy, ,,. Moreover,

(N, N) = gi;(g™0u)(g” Bu) = g dudu = (B,u)*.

We set a = (d,u)"!, N = aN. Then, if (e;, e;) form an orthonormal basis on
the nonstandard spheres, the frame

el,er,es=L=a@ —N),es=L=a'(3 +N)

is a null frame with (L, L) = —2. Here again, in the case of the Minkowski
metric, choosing u = t — r, we obtain a = 1, the spheres are the standard ones,
and

L=-Vu=209 +09, LZat_ar»
so that we obtain the standard example.
3. Null frame associated to two optical functions A more symmetric

approach for a general metric g is to consider two optical functions u# and
u, and define the sphere foliation by

Sug,gu = {(x’ t)’ u(x, t) = MO’ E('xv t) = EO}

One can think of # and u as being close to t — r and ¢ + r, the spheres being
nonstandard 2-spheres close to the usual ones. The advantage of doing so is
that we do not have to consider any 7-coordinate, which is more satifying in the
context of relativity theory. We then set

L=-Vu, L=-Vu, 2Q*> = —(L, L) = —(g*?d,udgu)™".
The desired null frame is
e1, e, e3 =2QL, ey =2QL, (e3,e4) = -2,

if, as before, (e, e2) form an orthonormal basis of the spheres S,,,, uy- AS before,
the standard example for the Minkowski metric is obtained by the choice
U=t—r,u=t-+r.
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4. Null frame associated to a sphere foliation More generally, following
[29], we can start from a 2-spheres foliation chosen in such a way that the
metric is positive definite on the tangent space to these 2-spheres. We then
choose (e, e;) to be an orthonormal basis on the spheres, and e3 and e4 to be
independent null vectors in the orthogonal space to the spheres. The quasiradial
case, for instance (the example in 1), corresponds to choosing the standard
spheres for this foliation, a simple choice which turns out to be sufficient for
many applications. Working with nonstandard spheres as in 2 or 3 can be
delicate. Note that for the example given above for the Kerr metrics, (e, e)
are not tangent to a sphere foliation, since

ler, e2] = (P2 4+ a®)E 72 cosBlaS "2 (e3 + ey) — (sin@)'es]

is not generated by (ey, e7).

In the construction of a null frame associated with a sphere foliation, e4 is
orthogonal to the planes generated by (ej, ez, e4); if the distribution of these
planes is integrable, that is, if there exists # such that these planes are tangent
to the hypersurfaces {u = C}, then ¢4 is colinear to Vu, hence u is an optical
function as in 2. This shows how optical functions appear naturally in this
framework. Note that quasiradial frames are not integrable in general.
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Computing with frames

Performing computations in a variable frame very often requires taking the
derivatives of components. A typical example is an expression of the form
X(Y, Z), where (X, Y, Z) are vector fields: the result involves both derivatives
of the coefficients of the metric and derivatives of the coefficients of the fields
Y, Z. Even such simple computations quickly become impossible if one does
not use the appropriate geometric tool, the metric connexion.

3.1 Metric connexion

1. A connexion is a derivation operator D of one vector field by another,
yielding a new vector field

(X,Y) > DyxY,
with the following properties:

(i) For any function f € C*°, DsxY = fDxY. We say that D is “linear” in
X; this implies in particular that (DxY)(m) depends only on X (m).
(i) For any function f, Dx(fY) = fDxY + (Xf)Y. This is similar to the
usual derivation of a product.
(iii) Forany fields X, Y, DxY — DyX = [X, Y], where [X, Y] = (XY — Y X)
is the bracket of the fields. We say that D is “torsion free”.

We admit the fundamental theorem (see [22]), saying that there exists a unique
metric connexion that is a connexion with the additional property

X(Y,Z)=(DxY,Z)+ (Y, DxZ).

This formula seems to ignore the derivatives of the coefficients of the metric,
which are, however, present in (Y, Z). This is because these derivatives are, in

17
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fact, part of the definition of D, as we see now. In local coordinates, set
Dy, = Dy, Dy,0p = Dydp =T40,,

thus defining the Christoffel symbols F);ﬁ. The torsion free character of D
implies the symmetry Fl;ﬂ = F’;m, since

T0ydy = Dyds = [0, 951 + Dpde = T, d,.

Using the properties in the definition of D, it is easy to obtain the formula (note
that we have lowered the first index!)

Tyap = 8T s = (Dadp. 8y) = 5(8u8py + Opgay — Oy Gup)-
In fact,
(Do 0p, 0y) = 0u8py — (0, Dady) = 0u8py — 0y8ap + (D) dp, )
= 0u8py — Oy 8up + 9p&ay — (3y, Da0p).
The simplest example of connexion in R* is
Dx(Y*9y) = X(Y*)0q,

which is the metric connexion corresponding to a constant coefficient metric.
In general, using properties (i), (ii) and (iii), we have

DxY = X(Y")o5 + T, X*Y"8,.

2. It is very useful to extend D to derive any tensor field 7. The natural way
to do this is to generalize the product formula; if 7" acts on p vectors, we set

X[T(Yy,..., Yp)] = (DxT)Yy,..., Yp) +T(DxY,Ys, ..., Yp)
+ -+ Ty, ..., DxY)p),
and this formula defines Dx T . For instance,
X[g(Y1, Y2)] = (Dxg)(Y1, Y2) + g(DxY1, Y2) + g(Y1, DxY2),

which, by comparison with the formula defining a metric connexion, gives,
Dxg = 0. This is a striking way of saying that the metric coefficients do not
enter the formula for the derivative of a scalar product. Another instructive
example is the computation of Dy for a 1-form w. For any vector field Y,

X(@(Y)) = (Dxw)(Y) + o(DxY).
If Z is the vector field dual to w, by the metric property,

(DxZ,Y) = —(Z, DxY) + X((Z,Y)) = —o(DxY) + X((Y))
= (Dxo)(Y).
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In other words, DxZ is also dual to Dyw: We said before we would not
distinguish between w and its dual Z. This holds also when we take derivatives:
there is no need to know what object we derive (form or field), the result is the
same.

3. The divergence of a vector field X is defined as

divX = D, X“.

It is important to note that here and in what follows, D, X never means that
we take the derivative 9, of the function X*; it means that we compute first
D, X, and then take the a-coordinate:

D, X% =[D,X]".
In local coordinates, using the above formula for the Christoffel symbols,
div X = 8,(X*) + X T%, = 0.(X*) + 58P X(gap)-
Using (logdet A) = tr (A’A"), we also obtain the useful formula

. _1 1
dlgl = 18187 dugpy, divX = |g]720a(X"Ig]2).

4. The following lemma is a consequence of Dxyg = 0.
Lemma (i) Let T be a 2-tensor and X any vector field. Then

XtrT)= X(T)) =tt DxT = DxT,.
(ii) Similarly, X|T|* = 2Dx Tys T*.

Proof To prove the first formula, we note that, in any frame (ey), tr 7 =
T (eq, *). Hence

X(trT) = (DxT)(ey, e*) + T(Dxey, e*) + T(ey, Dxe®).

Since (e%, eg) = Sg,(DXe"‘)ﬁ = —(Dyxep)*. This implies that the last two terms
in the formula for X (tr T) cancel out.
The proof of the second formula is similar:
X(Toup TP) = X (Top)T* + T,p X(TP)
= 2(DxT)up T + T*P[T(Dxey, ep) + T(ey, Dxep)]
+ Tup[T(Dxe®, ) + T(e”, DxeP)].

Using (Dxe*)g = —(Dxeg)® as before, we see that the T terms cancel out. <
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3.2 Submanifolds

If § C M is a submanifold of M, the restriction of g to vectors tangent to S
gives a metric on S, called the induced metric. If S has codimension 1 with
unit normal N, we define the bilinear second form &, acting on vector fields
X, Y tangent to S, by

k(X,Y)=—(DxN,Y).
Note that k is symmetric, since

k(X,Y)=—-X(Y,N)+ (N,DxY)=(N,[X,Y]+ DyX)
= (DyX,N) = —(DyN, X) = k(¥, X).

We have used here the torsion free character of D, the metric property, and the
fact that the Lie bracket [X, Y] of X and Y is also tangent to S.

Example 1 Let g = —dr* + g;;dx'dx’ be a split metric; the second form of
S =X, is given by k;; = —éatg,-,-, since

N =0, (D;d;,9;) = Tjio = 39,8ij.

Example 2 Consider in R} the standard (flat) Riemannian metric and let S be
the sphere of radius R in R?; then

N =R 'x'3;, DyN = R™'X(x")9, = R7'X

and k(X,¥Y) = —-R X, Y). Keep in mind, in particular, that the trace of k
is —2/R.

For vectors X, Y tangent to the hypersurface S, we decompose DyY into its
tangential and normal parts:

DyY =T(X,Y)+ R(X,Y).

Theorem We have R(X,Y) =k(X,Y)N and T(X, Y) is the metric connexion
DxY on S associated to the induced metric. Hence

DxY =DxY +k(X,Y)N.
Proof Since
(DxY,N) =(R(X,Y),N) =k(X,Y),

we have R(X,Y) = k(X, Y)N. It is easy to check that T (X, Y) has properties
(1), (ii) and (iii) of a connexion on S. To check the metric property, we observe
that, for a field Z tangent to S,

ZX,Y)=(DzX,Y)+(X,DzY)=(T(Z,X),Y)+ (X, T(Z,7Y)).
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Since the metric connexion is unique, 7 is the metric connexion on S, denoted
by DxY. &

Finally, let us mention the Stokes formula in this context. Let D be an open
domain (we assume that there can be no confusion between the domain and the
connexion!) of R* with smooth boundary 9D, and X be a vector field on D.

Then
/dideV:/ (X, N)dv.
D 9D

Here, the oriented unit normal N is defined by N = V f/||V f]|, if f defines
dD and f < 0 in D; the volume elements on D and 9D are respectively dV
and dv. We refer the reader to Spivak [46] for details.

3.3 Hessian and d’Alembertian
1. For a given C? function f, we define the Hessian V> f of f as the bilinear
form

V2f(X.Y) = (DxVf.Y).
More explicitly,
VE(X,Y) = X(VF,Y) = (Vf, DxY) = X(Y(f)) = (DxY) .
This formula gives in particular
V(X Y) = V2F(Y. X) = (XY = YX)(f) = (DxY = DyX)(f)
=[X,Y]f - [X,Y]f =0,
that is, V2 f is bilinear symmetric. Note that, at a critical point m for f (that is,
V f(m)=0),
V2(X,Y) = (95 )m)X*YP.

The same formula holds everywhere for a constant coefficient metric, since
then

VX, Y) = XYPL, f 4+ X 0,(YP)op f — X(YF)dp f.

2. The d’Alembertian U, f = L1 f of f is defined as the trace of V2 f; from
the formula in section 3.1 we get the various representations
Of = (V)i = (DuVf,0%) = divV f = g2 a(g 121204 /),
Of = 8(V? £){0u, 9) = 81055 f — (Dudp) f1 = 8%8uf — (D) f,
Of =805, f + [0a(g°") + 3897 3,105 1.
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Note that the principal symbol of O is p = g*?€,&, but there are also lower
order terms in .

In anull frame (ey, ey, e3, e4), using the formula for the trace of a symmetric
tensor, we get

Of = =V f(es, ex) + V> f(er, 1) + V2 f(e, €2)
= —esesf + (el + €3)f + [Dses — (Diey + Daer)lf.

One has to be careful in interpreting this formula, as we can see in the flat case
with the usual d’ Alembertian. Then,

ese3 = 92 — 92, Dye3 = 0.

Using spherical coordinates and taking e; =r~'9y, e, = (r sin@)‘13¢, we
have

Diey = —r'9,, Dyes = —(rsin) " 2(x'9; + x%0,).

Hence, using the definition of the induced connexion on the sphere,

_,cos6

Diey =0, Dyer = =119, + Dres, Drer = —r>—0
sin 0
Gathering the terms,

_,cos0

2
Diey + Dyey = ——0, — r 0g.
r

sin @

Finally, we get

cos 6
sin @
We recognize the usual expression of the d’Alembertian in spherical coordi-
nates, Ag being the Laplacian on the unit sphere (see [9] for details).

_ 2 2, 2 1 Y . —242
0= =07 + 07+ =0, + —As. A= 0] + (sin6) 3] + b.

3. Geodesics, bicharacteristics and optical functions

a. Geodesics Let x(s) be a C? curve defined on some interval /. We say that
this curve is a geodesic if its tangent vector T = (d /ds)x satisfies Dy T = 0.
Note that this makes sense though 7 is not defined everywhere; note also that
this condition depends on the way the curve is parametrized. Denoting by a dot
the s-derivative, and observing that (d/ds)(f(x(s))) = T f(x(s)),

DrT = Drx = T(%)9y 4 I, 2 %7 8,

Hence a geodesic is a curve satisfying the set of differential equations

@ e (L) () o
—x —X —x" | =0.
ds? By \ ds ds
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For instance, assume u to be an optical function, and set L = —Vu. Then
D; L = 0, showing that an integral curve of L (that is, x = L) is a geodesic.
This follows from the symmetry of the Hessian, since for any X

(DLL,X)=—(D.Vu, X) = —(DxVu, L) = (DxL, L)
=1X(L,L)=0.

b. Bicharacteristics To the metric g is associated the function p(x, &)=
g°P€,&g. This is a well-defined function on the cotangent space of the manifold
M, which is the principal symbol of the wave operator [J. From a PDE point
of view, it is important to consider (null) bicharacteristic curves of [ starting
from a (characteristic) point (xg, & 0, which are defined by

d X% ;. a a
TR = =0 p, b = —0up, x7(0) = 47, £(0) = 9, p(xo, €% =0.

If we start from the point (x, 1&®), the solution is just (x(us), w&(ws)). Dif-
ferentiating the system once more, we get an autonomous differential equation
for the coordinates x*:

d2

ds?

’

o "
X = 8,8 g X7 i — Eaagmg)u\/guu’x/\ X
] ’
= —g%d,gp, 57 A" + Eaagm,x’\j& = —F%y)'cﬁ)'cy.

We recognize the equation of a geodesic curve. The initial conditions for the
geodesic curve, which is the projection of the bicharacteristic, are

x(0) = xo, X(0)* = 2g*’¢y.

c¢. Geodesic cone For a given point xy, consider a nonzero future oriented null
vector £° at this point. There is a unique bicharacteristic curve starting from
(x0, £°); the union of all such half-curves (for s > 0) starting from xo forms
the (half) geodesic cone with summit at xo. Let L be the vector field x on this
cone. For each value of the parameter s, let S; be the locus of the points x(s)
for the various &. Choose a nonzero field X tangent to, say, S, and define X
on the cone to be X extended by the action of the flow of L.

Lemma The vector L is a null vector that is orthogonal to the geodesic cone.
Proof First, (L, L) =0, since L(L, L) =2(D; L, L) =0 and, fors =0,

(L, L) = gupx*%P = 4p(x0, %) = 0.
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Next, [L, X] = 0 by construction. Then, for the induced connexion ) on the
cone,

L(X.L) = (P.X.L) + (X, D, L)
=([L.X], L)+ (PxL.L) = 3X(L,L) =0.

Since (X, L) goes to zero when s goes to zero, (X, L) = 0 and the orthogonal
to L is the tangent plane to the cone. <

Consider now a one-parameter family of geodesic cones such that there exists
a function u that has the cones of this family as level sets. A typical case would,
for the Minkowski metric, be the geodesic cones with vertices on the #-axis,
corresponding to a function u = F (¢ — r) (which is, of course, singular on the
t-axis). Since Vu is then normal to each geodesic cone, Vu is colinear to L,
hence Vu is a null vector and u an optical function.

d. Optical functions This construction can be extended if, instead of starting
from a single point xy, we start from a spacelike 2-surface Sy. Choosing at each
point x of Sy an outgoing future oriented null vector & 9(x0) orthogonal to S,
we consider the union X of all the geodesic curves issued from (x, & O(x0)).
Defining L and X on X as before, we obtain L(X, L) = 0 as before, hence
(X, L) = 0 since this is true by construction for s = 0. Again, if we are given
a one-parameter family of such surfaces X, such that there exists a function u
having these X as level sets, then u is an optical function.

3.4 Frame coefficients

As explained above, working in a given frame (e, ) requires that we know the
vectors Dyeg, that is, the frame coefficients (Dgeg, e, ). In the case of local
coordinates x%, e, = 0y, Dy0g = F’; 5 0, and we have seen already the explicit
formula for I'.

1. Computing the frame coefficients from the brackets In the case of local
coordinates where e, = d,, the brackets [e,, eg] vanish, and the explicit for-
mula for I was obtained using the basic properties of the connexion. More
generally, we can do the same thing if we work with a null frame (e,) for
which we know the brackets [e,, eg]. Using the various properties of the metric
connexion, we can compute explicitly the vectors D,eg. We give here a few
examples of these manipulations:

(i) (D1e1, e1) = 0, since ey {ey, e1) = 0 = 2(D1ey, e1);
(ii) (Diey, e2) = —(e1, Dies) = —{er, Dye; + ey, e2]) = —(ey, [e1, e2]);
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(iii) for j = 3,4,
(Djey, e2) = (lej, e1], e2) + (D1ej, e2),
(D1ej, e2) = —(ej, Diez2) = —{ej, [e1, e2]) — (e}, Dae1),
(ej, Drer) = —({e1, Daej) = —{e1, [e2, ¢;]) + (e2, Djer).
Hence finally,

2(Djey, e2) = {lej, e1], e2) — (e}, [e1, e2]) + {e1, [e2, ¢;]).
Example Let us compute, for instance, the frame coefficients for the quasir-
adial null frame of a quasiradial situation, as described in section 2.3. We
define the second form of the foliation X7 = {(x,t), t =T} by k(X,Y) =
—(DxT, Y). In local coordinates,

kij = —(D;T, 8;) = (V’1);; = —(D;d))(t) = T,

= _%goa(aigaj + 0;8ai — 0a8ij)-

For vector fields X, Y, we define Px Y to be the orthogonal projection of DxY
onto the space generated by (e, e3)

DxY = (DxY,e1)e; + (DxY, es)e;.

Note that this definition extends that of the induced connexion on the spheres,
since PxY is the result of the induced connexion if X, Y are tangent to the
sphere. In the sequence, indices a, b run from 1 to 2, corresponding to the basis
on the spheres. We set

c=1|Vr|, ¢ =(Vr,Vr) = gija)ia)j.

Theorem (Quasiradial case) The connexion D satisfies

DyT =0, DNT = —kyyN — kaneq, DT = —kyunN — kapep,

DrN =kyyeq,, DvN = —kynT + eaT(c)em D,N =DyN — kunT,

ea(c)

c

Dye, =Dye, — N — k,nT, Dre, =Pre, — kanN.

Proof (a) For any field X, by symmetry of the Hessian, (D7 T, X) =
(DxT,T) =0, hence D;T =0. For tangential X,Y, (DxT,T) =0,
(DxT,Y) = —k(X, Y). This gives the first line.

(b) Since g% w; = 0, using the formula for the decomposition of 9; into its
radial part and its rotation part

R
8i=a)i8r—(a)/\—> s
r/i
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we obtain
0i 0i R
T=0—-—g"0—wod)=0c+g [orn—],
rji
—1 _ij 1 _ij R
N =c gYwidj=cd —c  g'wilor—] .
r /.
j
This implies

Tc
[T, N]=—N+---R.
c

We compute now the derivatives of N = ¢~ 'Vr. First, (DN, N) =0,
(DrN,T)=([T,N], T)+ (DyT,T)=0.
Next,
(DrN,e,) = ¢ (DrVr,e,) = ¢ (D, Vr,T) = (D,N, T)
= —(D,T,N) = kuy.
(c) Similarly, we know Dy N, since (DyN, N) = 0,
(DyN,T) = —(DnT,N) = knn,

eq(0)
e

(DyN, e)) = c Y (DyVr, e)) = ¢ (D, Vr, N) =
(d) Finally, (D,N, N) = 0,
(DyN, T) =c (D,Vr,T) = ¢ (DrVr,e,) = (DrN, e,) = kay.

The quantities (D, N, ep) = (1P, N, ep,) are the components of the second form
of the standard spheres with respect to the induced metric g;; in ;.

For any field X, (Dxe,, T) = —(DxT, e,;) and (Dxe,, N) = —(DxN, e,)
are already known. The other quantities (Dye,, ep), (Dre,, ep) and (D.e,, ep)
depend on the choice of (e, €), and have to be computed using the expressions
of the brackets as above. <&

2. Intrinsic frame coefficients In the case of a frame associated to one or two
optical functions (see section 2.3), using the properties of the null frame and of
the connexion, one can deduce all frame coefficients from the following special
frame coefficients:

(i) Define first the analogs of the second form for the nonstandard spheres by
Xab = (D(lLv eb)’ Lb = (Daév eb)’ L = 637 L = e47 a7 b = 1’ 2-

These two 2-tensors are symmetric for the same reason as for the second
form of a hypersurface, namely, because [e,, ¢;] is tangent to the spheres.
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(i) Next, define four 1-forms on the spheres by

2770 = (DLL’ ea>’ zﬁa = (DLL9 ea>7
26, = (DyL.en). 25, = (DyL.e,).

(iii) Finally, define the functions w and w by
4w = (DL, L), 40 = (D,L, L).

‘We check now that these quantities allow us to recover all the frame coefficients.
Suppose the frame is associated to one optical function u, with L = —Vu as
explained in the second example of section 2.3.

Theorem (Integrable case) The connexion D satisfies the formulas
D;L =0, DLL = zr]aeu + ZQL: D,L = yapep — naL,
DLL =21 e., DLL =28 e, —2wL, DL = x  ep+1aL,
DLea ZpLea +ﬁaL’ Déea ZEéea +§aL + naL’
Dye, =pb€a + %Xabé"i_ %iabL’

eq(a)

Na = +kaN~
a

Proof First, we note that Dy L = 0, since
(DLL,X)=—(D;Vu,X) = —V?u(L, X)
= —V>u(X,L)= —(DxVu,L) = (DxL,L) = 0.

This means that the integral curves of L along the outgoing cones are geodesics.
Also, since T = 0, = —Vt, we get (DyT, X) = (DxT, T) = 0, which shows
that Dy T = 0. All other formulas are easy to prove, except the last one; for
this, we compute e,({L, T')) in two different ways:

1 eq(a)
(L, T)=——, ea((L, T)) = —5—,
a a

ea((L,T)) =(D,L,T)+(L,D,T).
Now L = —a’L + 2aT, which gives
(D,L,T) = (2a)""(D,L, L +d’L) = %
Also,
(L,D,TY=a (T + N, D,T) = —a 'kun,
which proves the formula. <

We prove now that the underlined quantities can be recovered from the others
and from the second form k(X, Y) = —(Dxd,, Y).
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Theorem The following formulas hold

X, =~ Xab — 2akap, § = —a"ng + a’kan,
— —kew, 20 = akyy — 22
n,= —Kan, s =a NN_7~
Proof For instance, since L = —a’L + 2ad,,
X, = _aZXab — 2akgp,

Lab
26 = (DLL,e,) = —2a’n, +2a(DLd;, e,),
(DL0;, eq) = (Dg0;, L) = —a({Dy0;, N) = —a(Dy0,;, eq) = akan,
211 = (DL(—a2L +2aT), e,) =2a{D;0,,e,) =2(DnT,e,) = —2k,n.
Finally, we check 2w = akyy — La/a. In fact,
(DL, L) = a*(Dr—y(@ (T +N)), T = N)
=a’[-2AT — N)a ) +a " (Dr_y(T + N), T = N)],
(Dr-n(T' + N),T — N) = —2kyny. &
To conclude, note that the quantities x, 1 are components of the Hessian Vu:
Xab = —Vuap, 200 = —Vu,p.
Note in particular that, according to the trace formula of chapter I,
Ou = tr Viu = V2 — Viuzy = —trx + (DL, L) = —tr .

In chapter 6, we will discuss in more detail how the tensors x, &, etc. can be
estimated in situations where they are not explicitly known.
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Energy inequalities and frames

To obtain an energy inequality for the wave operator [ = [, associated to a
given Lorentzian metric g, we proceed as usual by choosing a vector field X
(the “multiplier”’) and writing

Oe)(X¢p) =divP +q.

Here, P will be an appropriate field whose coefficients are quadratic forms in
the components of V¢, while ¢ is a quadratic form in these components with
variable coefficients. Integrating (J¢)(X ¢) in some domain D, and using the
Stokes formula, we obtain boundary terms

/ (P, N)dv,
aD

which yield the “energy” of ¢, and interior terms [, gd V. In practice, since
some derivatives of ¢ behave better than others, we must write these energy
and interior terms in an appropriate frame, and not in the usual coordinates.
We describe now the clever machinery which makes this possible and easy.

4.1 The energy—-momentum tensor

1. Let ¢ be a fixed C! function, and define the energy—-momentum tensor Q
as a symmetric 2-tensor by

0(X,Y)=(XP)YP) — 1(X. V)IVPI?, Qup = (0$)(0p}) — 18apIVH|>.

Consider a null frame (e, ez, e3, e4), with (e3, e4) = —2u. Since

1
Vo = ei(P)e) + ex(Pples — 5(64(05)63 + e3(@ey),

29
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we get
1
Vo> = (Vo, Vo) = e1(9)* + ex(p)* — ;e3(¢)e4(¢).

Note that | V¢|? is not a positive term! Hence, writing for simplicity e, (¢) = ey,
the components Qqs = Q(eq, €g) of Q are

1, 5 1 1, 1
On = 5(61 —e;)+ ﬂ%m’ Qi =-eje, On = —5(61 —e;)+ 58384,
Qi3 =ere3, Qs = ereq, O3 = e2e3, Qo = eze4,
Q33 = €3, Q34 = (e} +€3), Qus = el
In particular, according to the formula for the trace given in section 3.3, the
trace tr Q = Q% is

1 1
trQ = Qi+ 0» — ;Q34 =—(e+e)+ ;6364 = —|Ve|*.

2. Let us say a few words about the geometry of g here. First, recall the
terminology for vectors: a vector X is timelike, null, or spacelike if (X, X) < 0,
(X, X) =0or (X, X) >0respectively. A vector X is future oriented (resp. past
oriented) if its -component is positive (resp. negative). We have seen that in a
null frame, the metric can be written

(X, X) = (X" + (X*) — 4ux’Xx*.
By a linear change of variables X + Y, this can be reduced to the canoni-
cal form (Y1)? + (Y?)? 4+ (Y3)? — (Y*). Hence the future oriented half-cone
(X, X) <0 is a convex set, and the scalar product of two future oriented null
vectors is nonpositive.

3. The tensor Q exhibits a remarkable positivity property.

Theorem (Positivity of Q) If X and Y are two timelike future oriented vectors,
then

QX,Y)=>0.

Proof Let e3 and e4 be two null future oriented vectors in the plane generated
by (X, Y). Then, by convexity of the future timelike cone,

X =aes+des, Y =bes+bes, a,a’,b,b > 0.
Hence, setting (e3, e4) = —2u, u >0,

O(X,Y) = abes(¢)* + a'b'es($)* + u(ab' + a'b)lei(p)* + ex(@)*]1 > 0. <
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4. The energy-momentum tensor and the d’Alembertian
Theorem The energy-momentum tensor Q is related to the d’Alembertian by
the formula

D% Qup = (L) (0p0).
Proof We write, using Dxg = 0,

0=dp®dp— 1g|Vl,
DxQ = Dxd¢ @ d¢ +dp ® Dxdgp — g(DxV, V).
Taking X = 9%, and then the o component, we obtain
D Qqp = (V*$2)(0p0) + (0ud)V2$% — V2(05, V).

On the right-hand side, the first term is by definition (CJ¢)(dg¢) and the second
is V2¢(V¢, d5), which cancels out with the third. <&

4.2 Deformation tensor

Definition The deformation tensor of a given vector field X is the symmetric
2-tensor ' defined by

Wr(y,2) =Y, Z) = (DyX, Z) + (DzX, Y).
In local coordinates (be careful about the position of the indices!),
o = DaXﬁ + DﬂXa.

If we were in R® with the standard scalar product and the trivial connexion, the
deformation tensor ) would be simply represented by twice the symmetric
part of X’ (the differential of X).

1. Let us digress shortly to explain a few things about Lie derivatives. For a
given field X, we define Lx f = Xf, LxY = [X, Y], and extend this to tensors
by imitating the product formula, exactly as we have done for Dy:

X(T(Y1, ... Yp) = (LxT)Y1, ... Y+ Y TV ... [X.Y]....Y,).

I<i<p

As is well known, the Lie derivative is defined using transportation along the
flow of X, and LxY is not linear in X, in contrast with the covariant derivative
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DxY . Using this definition with 7 = g, we find
X(g(Y,2)) = (Lx)¥Y, Z) +g([X. Y], Z) + (Y, [X, Z])
= g(DxY, Z) + g(Y, Dx Z),
and hence finally the important formula
w=Lxg.

This formula helps one to visualize what 7 is; in particular, 7 vanishes if
g is invariant by the flow of X. We call such a field a Killing field. If only
Lxg = Ag, the field is conformal Killing. For the Minkowski metric, the
simplest examples of Killing fields are the derivations, the spatial rotations and
the hyperbolic rotations H; = t9; + x'9,; note that among these fields, only
o, is timelike. There are five conformal Killing fields (again, be aware of the
position of the index 1)

S =x%y, K, = —2x, 5 + |x]|*0,,
for which the corresponding deformation tensors are
O =2g, Ky = —4x,8.

Among these, only Ky = (r? + t2)d, + 2rt9d, is timelike. For the Schwarzschild
metric, d; and the spatial rotations are Killing fields; for the Kerr metric, d; and
9, are Killing. For a general metric, there are no Killing fields, because the
number of equations to be satisfied is ten, while there are only four unknowns.

2. To compute X7 explicitly in a frame, we need the frame coefficients.
However, in local coordinates, we have the simple formula
Oref = 5% (XP) + 0P (X*) — X(g*).
In fact, Dy Xg = (Do X, 9g) = gy 0a(X") + X7 I'g,, . Hence
7 = " g% (g5, 8 (X”) + X" Tprary + 8ary 9/ (X") + X" Targry ]
= 9“(X") + 07 (X*) + X7 g ¢" [Tpuy + Tapry ).
Since, from the explicit formula, I'yg, + I'gy, = 9, (gap), the last term is
8" 8" X(gwp) = =X (8.
3. Finally, let us keep in mind the following formula, which will be useful
later:

UOr, 2y = fOrY, Z2)+ YUX, Z) + (Zf)(X, Y),
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where f € C! is an arbitrary function. We will see that deformation tensors
play a crucial role in both energy computations and commutation formulas.

4.3 Energy inequality formalism

Theorem (Key formula) Let ¢ be a given C? function and Q be the associated
energy—momentum tensor. Let X be a vector field, and set Py, = QupX . Then

div P = D, P* = (¢)(X¢) + 1 0¥ Xy
Proof Using the definitions, we write
9%(Po) = 0%(P(8s)) = D* Py + P(D0q)
= 9%(Q(0q, X)) = (D* Q)(3u, X) + Q(D*d, X) + Q(do, D*X).
The terms P(D*d,) and Q(D“9d,, X) cancel out, so that we are left with
D*P, = D*Qup X’ + Q(0%, D X).

Using the above formula for D* Q 4, we see that the first term in the right-hand
side is ((Jp)(X ¢); to deal with the second term, we note that

Q%7 (Do X, dy) = 30" [(Do X, 3,) + (D, X, 0,)] = Om,
while Q(8,, D*X) = Q(3%, Dy X) = Q% (DyX, d,). &

The formula in the theorem is the key formula for proving an energy inequality.
Let us explain why. The formula is just a rewriting of (L¢@)(X¢) as the sum
of the divergence of a field (the term div P) and a quadratic form ¢ in the
components of V¢, as expected. The point is that ¢ is written as a double trace
(summation on « and ), which can be computed using any null frame. More
explicitly, we have for any null frame (e, ), denoting as usual e, (¢) = ey,

1 1
On = Qo™ = Quimiy + 2mpperer — ;7T14€163 - ;ﬂ13€1€4 + 12200
1 1 PP
— —T4€2€3 — —T23€2€4 T 5 T44€3 T 5 T133€,
2 n 4p? 4u?

1 2, 2
+ _QHNS4(61 + 92)
L, 5 1 )
= 5(61 —ey)(m — mp) + —2M7T34(€1 +e5) + 2mppeie;

1
- ;[ﬂ14€1€3 + mi3e1es4 + mosere3 + m3eses]

1
+ m[ﬂmeg + m33€f + 21y + Tn)esesl.
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An energy inequality will be obtained by computing fD(D¢)(X ¢)dV for some
domain D, using the key formula and the Stokes formula: This yields boundary
terms and interior terms, which we now discuss separately.

4.4 Energy

Suppose we compute the integral fD(D¢>)(X ¢)dV for some domain D, using
the Stokes formula. The boundary terms that we obtain are

/ QO(N, X)dv,
aD

where N is the unit outgoing normal to 9D, and dv its volume element.

1. The most common case is, of course, that of a split metric g = —dr? +
gijdx'dx’, when D = {(x,1),0 <t < T} is a strip bounded by the hyper-
surfaces ¥y and X7, and X = —9, (we put a minus sign because, with the

normalization of g, the wave equation is minus the usual one). The boundary
integral is then equal to E(T) — E(0), with

E(T)=EyT)= Q@;, d)dv = 3 [5 [(3,:¢)* + 8"/ 9i¢d;¢]dv.
Xr
This defines the “energy of ¢ at time 7, which controls (with some weight
due to the coefficients g/ and to dv) the L2 norm of V¢ at time T'.

2. Suppose now that the domain D is bounded by a portion X/ of 7, a portion
E(’) of ¥y and some “lateral boundary” A; in this case, the boundary terms are

E(T) — E(0) - / O(N. 3,)dv,
A

the last term being always nonnegative as long as the lateral boundary of D has
a timelike past oriented normal N. We recognize here the condition for D to
be a domain of determination for [ (see [9] for instance).

Usually, this last term is neglected in proving energy inequalities, but this
is not necessarily a good idea. Suppose, for instance, that, for a given general
metric g, we work with a null frame associated with two optical functions u
and u as in section 2.3.3. Let D be the domain enclosed between two spacelike
hypersurfaces ¥, and X7 (playing here the role of horizontal planes) and
the surface of an incoming light cone {u = u,} (with u, > 0). On the lateral
boundary A of D, an exterior unit normal is N = o~ Vu (with a = ||Vu]|); if
we take X = %(Vu + Vu) (which looks like —d, ), the energy density integrated
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on A is

Qo) 'O(L, L + L) = (822%™ O(es, e3 + e4)
= 8aQ?) [e1(9)* + e2(9)* + e3(d)*].

In other words, the energy yields a (weighted ) L? control of all derivatives of
¢ which are fangential to A. In the approach of [29], for instance, the authors
do not introduce any 7-coordinates, and never consider the “energy at time ¢”’;
they integrate on domains bounded by incoming cones, and use the energy on
these cones as we just explained.

3. More generally, as long as X is timelike past oriented and D is a domain
of determination of [ (that is, the exterior normal N to the upper part of
the boundary of D is also timelike past oriented), the boundary integral on
the upper part of 3D has a nonnegative energy density Q(N, X). For the
Minkowski metric, for instance, the choice of the timelike past oriented X =
—Ko = —(r? +1%)d, — 2rtd, leads to the well-known “conformal inequality”
(to which we will return later).

4.5 Interior terms and positive fields

In the previous section, we discussed only the sign of the boundary terms
arising from the computation of fD(Dq))(X ¢)dV for some domain D, and the
concept of (positive) energy. In general, however, we also have to deal with the
interior terms

/Qaﬁ(x)na’stE/ ondV.
D D

There are basically two different strategies for dealing with these terms:

(i) control by brute force, and
(ii) discussion of the signs of the terms.

1. Two examples of brute force control

a. Using the Gronwall lemma The idea here is to bound the interior integrand
QO by the integrand of the energy; in the simple case of a split metric and a
domain D = {0 <t < T}, for instance, suppose that we can obtain the bound

/ |0 r|dv < 2C(H)E(?).
%
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We will write our inequality

T
E(T) - EQ) < /(D¢>)(X¢)dV +/ C()E(r)dt,
0

and the Gronwall lemma yields

T
E(T) ={E©0)+ /D (D)X @)ldV}exp (/0 C(t)dt> :

The interior terms have thus disappeared from the energy inequality, but at the
cost of the amplification factor exp( fOT C(t)dt). When dealing with problems
that are global in time, for example, this can be disastrous if C is not integrable.

b. Weighted inequality An approach essentially equivalent to that of a. is as
follows. We replace X by f X for a well-chosen function f. Using the formula
of section 3.2, we have then

OY¥7 = fOr +20(Vf, X).

A common choice is to take f = e** for some function a and some real
number A:

0V = [ Qn +200(Va, X)].

If X and Va are both timelike past oriented (for instance, a = t), reasonable
assumptions make it possible to obtain

On +210(Va, X) > 0

for large enough A. In this case, the interior terms have the good sign and we
have a weighted inequality. The drawback of this well-known approach is, of
course, that one has to keep the weight ¢*@ in the formula for the energy.

2. Sign control of interior terms In applications to global problems, the brute
force strategy is generally too crude, so we discuss now the sign strategy. If
the multiplier X happens to be a Killing field, ¥ = 0 and the interior term is
identically 0. For instance, this is the case for the multiplier X = 9, for the flat
metric.

Leaving aside this trivial and miraculous case, we prove now the following
theorem.

Theorem For any C? function R, the following identity holds
/ R|V|?dV = %/ ¢*(OR)V — / Rp(Op)dV
D D D

-3 ¢2<N,VR>dv+/ RO(N, Vo)du.
oD 9D
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Proof Observe that, for any two functions f and 4,
div fVh = Do (fVh)* = 9, f0%h + fOIh.

Using this formula with f = R¢ and h = ¢, or f = ¢ and h = R, and inte-
grating with the help of the Stokes formula, we get the result. <&

We give a first example of how this formula can be used.
Example 1 Suppose the multiplier X is conformal Killing; then
Qup™” = 1Qups™ = itr Q = —a|Vo[.

One should not be misled by the expression |V¢|?: it is by no means a positive
quantity! Using the above theorem, one can eliminate these bad terms. However,
this transformation has two drawbacks:

(i) it produces new interior term fD ¢*(@1)dV , which must be nonnegative if
we are to obtain an energy inequality;

(i1) it produces additionnal boundary terms involving ¢ and V¢, which can
spoil the positivity of the energy.

A typical example is the choice —X = K of a multiplier for the flat metric in
adomain D = {0 < < T}. We have the identity

2A0P)X¢) = 107 + )(3p) + Y _(@:¢)") + 4r1(3,$)(0,$)]
+ D 0L T+ 4@9) — Y (@)
Transforming the interior term —4¢|V¢|? yields the identity
/ (Op)(X¢ — 2tp)dxdt = E(T) — E(0),
D
where the modified energy E is now
ET) =3 g {7+ NP + Y (091 + 4r1(3,)(0,4)

+4rtp(3,9) — 2¢*}dx.

In this example, we do not have to worry about the term f q&z(DA)d V, since
A = —4t and O = 0. It is a delicate task to prove that the modified energy E
is indeed positive (see [9] or [24] for instance). One finally obtains, for some
constant C > 0,

o / (S0 + [HO P + R + ¢¥1(x, ndx < E(t) < C / [(Sp)
+|Hp> + |R|> + ¢*1(x, t)dx.
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The formula on R|V¢|? can also be used to eliminate some part of the interior
terms, as shown in the following example.

Example 2 It can happen that the interior term Qx is nonnegative, up to a
multiple of |V $|?. A typical example is that of the Morawetz inequality for the
flat metric (see, for instance, [9]): taking X = —0,, we have the identity

2 2
2A0$)XG) =l 1+ a1+ = [Z(a,-¢>)2 - (a,¢>2] —~IVol*.

Of course, in this case the corresponding energy will not be positive, since X
is spacelike. The boundary terms will have to be controlled separately, using
the standard energy inequality (corresponding to X = —d;). Note that in this
example A = 2/r, and LJ(1/r), which is zero for » > 0, is singular at the origin.
As a result, the new interior term [, ¢*(0A)dV is fOT ¢2(0, t)dt.

The preceding examples suggest the following definition.

Definition A positive field X for the metric g is a field such that, for some R,
I'= Q047 + RV

is a positive quadratic form in V.

Lemma The fact that X is positive depends only on X and on the conformal
class of the metric g.

Proof Set § = e’g, thatis, g, = €*gup. Then
g7 = e Gy, V) = e THVY P,

and consequently Qus = Qup. Now Xt = L g = e*[Lxg + (XA)g], hence
finally

0% + Rg(Vy, V) = [0F7 + (XW)tr @ + Re 2|V |?]
— PO+ RIVY P+ VY 2(—R+Re ™ — XA)].

It is enough to choose R = ¢®(XX + R) to show that X is also positive
for g. <

If X is a positive field and we perform the transformation of the above theorem
on the term R|V¢|?, we obtain, with I = Qr + R|V¢|*> > 0,

/ Q<X)ndV=/<I—R|V¢|2>dV=/(1—§¢ZDR>dv+/ - dv.
D D D oD

If OR < 0, the integrand in D is positive and the boundary terms are well
behaved, we may hope in the end to obtain an energy inequality. If JR has
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no special sign, we cannot say anything about the integrand in D, but it can

happen that
/1dV>—/¢DRdV

An inequality of this type is called a Poincaré inequality. A typical example
occurs when trying to prove a Morawetz type inequality for the Schwarzschild
metric.

Example 3 Let us first introduce, in the exterior (of the black hole) region
r > 2m, the coordinate

r* =r +2mlog(r — 2m) — 3m — 2mlogm,

where the funny normalization is meant to get r* = 0 for r = 3m (this sphere
is called the photon sphere, see [20], [23]). With the coordinates (¢, 7*, 9, ¢),
the wave equation is

-1
O¢ = <1 - 2—’"> (<076 +r 20?0, )] + 1 A
r

Consider now a domain D = {0 <t < T}, and choose the multiplier X =
f(r*)o.«. A staightforward computation (see, for instance, [19]) gives

+o0
| omav - / [ [?@ 0+ 2 gl
<f +2f—> Vol } r2(1 — v)dtdr*dog..

Here, v = 2m/r and Y ¢ is the gradient of the restriction of ¢ to the spheres

I¥o1> = e1(9)* + ea()’.

We see that if f is increasing and vanishes at r* = 0, the field f9,- is positive.
Eliminating the |V¢|? term as above, we are left with the expression

+o00
2
I_f()/ fsz[l_ 8+ 2" f il
( (f +2f—>>¢2:| 2(1 —v)dtdr*dos.

v 1 " 4 17 -2 —1 g7
=—f"4+—f"=8mr“(r —2m) " f
1—v r
— 2mr_3(3 —-v)f,

Since
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we easily see that f cannot be chosen to ensure the negativity of this
coefficient.

The only thing we can do is to try to use the strength of the first term
(f'/(1 = v))(3,+¢)* to compensate for the bad sign of the ¢ term. The Poincaré
inequality we use is the consequence of the following trivial identity, valid for
any C' function a,

f '@ )’r2dr” = f £/ O+ agp)’r?dr*

+/¢2 |:f”0[+f/<0l/—012+2011;U>i|l’2dr*.

Dropping the first term of the right-hand side, we obtain a Poincaré inequality,

depending on some unknown function « still to be chosen. It turns out that we
also need to use the contribution from the | ¥¢|* term. For this, we decompose
¢ into spherical harmonics ¢;. Finally, one can prove that there is some [, some
function f, and some function « such that, if ¢; = 0 for [ < [y,

I> / ()02

One can consult [19] or [20] for details.

3. Interior terms and Poisson bracket Note that
Up)(X ) = div(Xp)Ve — divoV(X¢) + ¢[U], X]¢ + ¢ XU,

Integrating this identity in some domain D, we see that the interior term
fD QmdV must correspond, modulo |V¢|?, to the quadratic form fD([D, X1o)
¢dV . In fact, we have

O = 9 Pdppn® — 1|V tr .
Using the expression for w*# given in section 4.2,
(3P)(Ppp)m P = (3.0)(Dp)[20%(XP) — X(g*")].

This quadratic form corresponds to the operator with symbol g = &,£4[20%
(X#) — X(g*#)]. We note that ¢ is precisely the Poisson bracket

q = {gaﬁé}xéﬁv XVEV}

of the symbol of [(J with the symbol of X. Thus the formula for 7% of section
4.2 provides a connexion between deformation tensors and Poisson brackets.
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4.6 Maxwell equations
In the Maxwell equations
dF =0, D*F,p =0,

the unknown object is a 2-form F (that is, an antisymmetric 2-tensor). For
the definition of the exterior derivative d, see Spivak [46]. In the flat case, to
connect this formulation with the usual formulation, set

Ej=—Fy,i=123 H'=—F;3, H* = —F3y, H = —Fp,,
thus defining the “electric field” E and the “magnetic field” H. Then

dF =0« divH =0, 0,H —curl E =0,
D*Fu =04 divE =0, ,E +curlH =0.

4.6.1 Duality

A convenient way of doing many computations is to introduce the dual form
*Fp.v = %EuvaﬁF(xﬂ,

where € is the volume form (see section 2.1). This summation looks compli-
cated, but it is enough to note that for given (i, v), there are only two indices,
say (u, v), different from u and from v, so that

*Fpy = €uoun FE2,
the right-hand side being in this case only one term (no sum!). Also,
Fu =1 BYF s = |€|Fy = —F,
*ok Ly = 4€,uvot/36 Y8 = |6| ny — AT
In the flat case, for instance,
23 1
xFy = €3 F™ = F3=—H",

which shows that the electric field of * F is just the magnetic field of F; also, in
view of the relation above, the magnetic field of % F is minus the electric field
of F.

Lemma For any vector field X,

Proof This may seem obvious, since * is defined using the metric only, and
Dy g = 0; we give, however, a self-contained proof. First, we observe Dye = 0:
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if e, is an orthonormal basis,
X(e(ey, €2, e3,e4)) = 0 = (Dxe)(ey, e, e3, e4) + €(Dxey, ex,e3,e4) + - -,

and the last three terms are zero since Dyxe, has no component on ¢,. Next,
using the definitions, we get

X(Fp) = (Dx * F)uy + («F)(Dxdy., 3,) 4+ (+F)(@,., Dxd,)
= [€(Dxdy. 3y, B Ip) + €(Opu, Dxdy, o, Dp) + €(3y, By, Dx s Ip)
+ €@y, 3y, o, DxIp)IFP + €uvapl(Dx F)*P
+ F(Dxd%, 8%) + F(3*, Dxd?)].

Cancelling the terms and using the symmetries, we finally obtain

[(Dx % F)uy — (+Dx F)yuy] = 2€(3y, 9y, Dx e 3p) F*P 426,005 F(Dx %, 8)
=I1+1I

Taking X = 0,, and using the formula for the Christoffel symbols, we see that
the first term 7 is just

I = €np8™ (=0 8ay + dulyrr + 0y 8ur ) FP.
On the other hand,
D,3" = D,(g"dp) = 8,835 + g%’ Ts,0".
Hence, using 3, g% = —g** ¢%'9, g p',
2Dy 3%, = g% (— 3y 81p + p8ys. — 0r8yp)-
This gives us the expression for the second term 7/
IT = €00p 8" (0581, — 038y — 0y 815) F™P.

We see, changing the indices, that each term in / is the opposite of the corre-
sponding term in /1. <&

The duality makes it possible to rewrite Maxwell equations in a symmetric
way.

Theorem The Maxwell equations can be written
dF =0,dx F =0.

Proof Letus admit the following formula for the exterior derivative of a 2-form
(see [23] for details)

F = Fupdx® AdxP, dF = D, F,pdx? A dx® A dxP.



4.6 Maxwell equations 43

Using this formula for % F and the commutation formula above, we obtain
d(xF) = (*D), F)pdx? A dx® A dxP
= €upuv Dy F*™dx? Adx® AdxP.
Now fix the index § and look at the sum S of the terms involving (in some

order) the three remaining indices a < b < ¢. We can write

S X
5= €abuv D FHdx A dx® A dxb

+ €pepn Do F* dx® A dx® Adx® + eac,“,DbF”“”a'x}7 Adx® Adx€.

Consider the first term of the right-hand side. Either p or v has to be ¢, and
then the other index is necessarily 8; hence this first term is 2€,pc5 D Fdx¢ A
dx® A d”. Handling the two other terms similarly, we get

S .
7= €apesdx® A dxP A dx[Dy F*%),

which finishes the proof. <

4.6.2 Energy formalism
For Maxwell equations, we can also define an energy—momentum tensor
Qup = 2Fuy FJ — 58up|FI*, |FI> = Fy FM".

If F is a solution of the Maxwell equations, one can prove, in a similar way to
that used in section 4.1,

VB, D* Qaﬂ =0.

Also, Q has the same positivity property as in the case of the wave equation,
since, in any null frame,

033>0, Qu >0, 034 >0.

These inequalities are proved in section 5.3. The only difference with the case
of the wave equation is that

trQ = Q% =2F,, F7 — 1 x4 x|F>=0.

The method for proving energy inequalities is exactly the same as before. We
choose a timelike multiplier X, set P, = QX B If F is a solution of Maxwell
equations, we have

D“Py = 1 Qupm®®.



44 Energy inequalities and frames

Integrating in some domain D yields the identity

%/ QndV:/ Q(N, X)dv.
D oD

All we have said about energy and interior terms extends also to this case,
with the improvement that if X is conformal Killing, the interior terms are
identically zero.

In chapter 8, we will discuss briefly the analogous and more complicated
case of Bianchi equations, for which an energy formalism also exists.
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The good components

5.1 The problem

Let g be a given Lorentzian metric on R*, say, not too far from the flat
Minkowski metric. Consider a solution ¢ of the wave equation [ ¢ = 0 with
smooth Cauchy data on {r = 0} rapidly decaying at infinity. By analogy with
the flat case (see the introduction), we suspect that some derivatives of ¢ behave
better than others, meaning here that they have better decay properties at infin-
ity. These “good derivatives” of ¢ (again, “good” is meant here in the sense of
having a better decay at infinity) are some of the components of V¢ in an appro-
priate null frame; in the flat case, these good derivatives are e (¢), e2(¢), e4(¢).
For a general metric g, the question we ask is the following:

How is a null frame (e, ) that would “capture” the good components of V¢ to be
chosen?

The same question arises when dealing with Maxwell equations:
What frame is going to capture the good components of the 2-form F?

There are, as far as we know, three approaches to this problem:

(1) weighted “standard” energy inequalities,
(2) conformal energy inequalities,
(3) commutation with modified Lorentz fields.

In the first approach, one establishes an improved version of the “standard”
energy inequality (by this we mean the inequality corresponding to the mul-
tiplier 9, in the flat case); such an inequality yields, besides the usual bound
of the energy at time ¢, a bound of the (weighted) L? norm in both variables
x and t of some special derivatives of ¢. In other words, the L? norm in x of
these special derivatives is not just bounded in ¢, it is an L? function of ¢ also.

45
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This fact identifies these special derivatives as the “good derivatives” of our
problem.

In the second approach, one generalizes the conformal inequality of the flat
case. Recall that, in the flat case, the conformal inequality gives a bound of
the modified energy £, which is equivalent to the sum of the L? norms of the
special fields S, R;, H;,

E(t)~ / [(S$)> + |R$I* + |HpI* + $*1(x, t)dx.
21
Through the identities
—1 R —1
L=+ [S+ § wiH], oAnd=—=t""wAH,
r

one obtains a t~! decay of the L?> norms in x of the special derivatives
Lo, (R/r)¢ of ¢, a fact which identifies these derivatives as the “good deriva-
tives.” In the general case, there are generalizations of the conformal inequality:
the structure of the corresponding modified energy E will display the good
derivatives.

Finally, the third approach is to commute the Lorentz vector fields Z =
9y, S, R;, H; with [0, and then to use the standard energy inequality. In this
way one obtains a bound of the L? norms in x of VZ¢ (or, equivalently, of
ZV ), and one proceeds as above to identify the good derivatives from the Z
fields. In the general case, one constructs modified Lorentz fields 7, for which
the commutators [(J, Z] are small, and obtains the good derivatives from the
fields Z.

We give some precise statements for the first two cases, postponing the
discussion of commutators to the next chapter.

5.2 An important remark

In this chapter, we put emphasis on the decay at infinity of global solutions.
However, as we shall see in the last chapter, the use of appropriate null frames
is not limited to problems involving global solutions and their decay at infinity.
It shoud be considered as a universal method for all hyperbolic problems
involving only one Lorentzian metric (such as Einstein equations); this is
beautifully explained by Christodoulou in the prologue of [16]. If decay is not
the problem, what are the guidelines to choose a good null frame? The basic
principle of the construction of null hypersurfaces and optical functions was
sketched in section 3.3. We will see in the last chapter concrete examples of
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such constructions; the exact choices and the benefit thereof depend on the
context.

5.3 Ghost weights and improved standard
energy inequalities

1. The key idea We explain here the key idea in obtaining a “good” energy
inequality. Let g be given as usual, and suppose we have chosen a null frame
which is suspected to capture the good components of V¢, in the sense that
e1(9), ea(d), es(9), the “good” derivatives of ¢, decay better than e3(¢). For a
given timelike multiplier X, we have to handle the interior terms fD 0XrdV,
as explained in section 4.3 Writing Q7 in our null frame, we see that all terms,
except myqe3(¢)?, involve at least one “good” derivative. Since we want Q7 to
be as small as possible, we choose X such that Oy = 0.

Key idea Choose the multiplier X such that gy = 0.

However, this does not tell us how to guess the good null frame! What we do
is to reversed the problem: according to our geometric intuition, we choose a
reasonable null frame, and then give conditions on g which ensure that this
null frame is indeed a good null frame. Though this sketch may sound a little
strange, we will see in examples how this method works.

We start with two cases, giving complete proofs of the corresponding theo-
rems.

2. The wave equation in the quasiradial case We make the assumptions
described in chapter 2 for the quasiradial case

g00 =-1, gOia),- =0, w = o
We take our null frame to be
(e1,e2,e3 =T —N,e4s =T + N),

where (e1, ;) form an orthonormal basis (for g) on the standard spheres of R?
(for constant ¢), and

T=-Vt=20 —g", N=Vr/||Vr]|.

We set ¢ = ||Vr|| = (g w;w;)!/?, and define the second fundamental form k
of X, by

k(X,Y) = —(DxT, Y).
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Recall the formula for the components of k&,
kij = —58°(0i gaj + 9} 8ai — ugij)-
Finally, we define the energy at time ¢ to be

Et)=1 | (T¢)*+ (N¢)> + ¥ 1dv,
%

recalling the notation |V¢|> = e,(¢)* + e2(¢)>.
Theorem Assume that the components of k satisfy, for some € > 0,

() (¢t — r)!"T K3y + K2y + (ki + k)] € LILS,
(i) (t = r)"“UTc/cl + lkin| + lkan | + lkit] + kia| + k22|l € LS,

Then, for some constant C = C. and all T > 0,

Eav+1/ (= 1) [es(@) + VoL 1AV
0<t<T

T
§CE(0)+C/ |D¢||T¢|dV+C/ A@t)E(t)dt.
0

0<t<T

The amplification factor A is

Tc
-

+ 114t — )" e = Dl
L

In particular, if A € L), e((¢), ex(¢), e4(p) are the good components of V.

Note that assumptions (i) and (ii) do not require the derivatives of the compo-
nents of the metric to be in L! L.

Proof The proof of the theorem is an application of the key idea above,
combined with the use of the weight ¢, a = a(t —r).

(a) We choose the multiplier X = T, and set 7 = T7r: from the formula
of section 4.2,

0% = e[Qn +20(Va, T)].
Since
Va=a'V(t —r)=—ad (T +cN) = —d (T + N + (c — )N),
and 2Q(T,T) = (T¢)> + (N¢)* + |V$|?>, we can compute the additional
terms due to the weight
QT + N, T) = 5(ea(9)* + ¥,
— 0% = " [—0Q7 + d'(es(9)* + |¥I*) + 2d/(c — D(TPH)N)].
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The idea of the “ghost weight” is to choose a’(s) = A(s)~'~¢. In this way, a is
bounded and the weight e disappears from the inequality (leaving behind only
constants depending on € and A); on the other hand, choosing A big enough
will give us plenty of good derivatives.

(b) We now separate all terms of Qm into three categories:

(i) the terms containing two good derivatives, which have the coefficients 34,
733, a3, Tap (1 < a,b < 2),
(ii) the terms containing only one good derivative, which have the coefficients
a4, 11 + 22,
(iii) the bad term ms4e3(¢)>.

To handle the terms in the first two categories, it is enough to assume respec-
tively

(t =) lmaal + sl + ) I7asl + Y 1masl] € L,
(t =)' (ras)® + (o + 7)€ LI LY.

(c) To allow the simple choice of our multiplier, we do not realize exactly
144 = 0 as announced in the “key idea”, but w4y = —2T ¢ /c. In fact, since

0i 0i R
T=0-g"0—wd)=0+g (on—],
r/i
—1 _ij —1 _ij R
Nc ' gVwidj =cdr —c glwilon—] ,
r /.
J
we obtain
Tc Tc
[T,N]=—N+---R, ([T, N], N) = —.
c c

On the other hand, since DT =0,

([Ts N]aN) = <DTN1 N) - (DNT9N> :kNNa
744 = 2(Dr4nT, T + N) =2(DNT, T + N) = —2kyn.

(d) Finally, it remains to compute the components of 7 to translate the
conditions above on 7 into the conditions of the theorem on k. We obtain easily

734 = 2kyn = —7033, Taa = 2kyn = —T043, Tap = 2kyp- <&
The same method can be extended to generalize Morawetz type inequalities,

see, for instance, [5], [7].

3. The wave equation in the general case We present here a more geometric,
but less explicit, result. Assume given an optical function u# to which we
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associate a null frame (e;, e, e3 = L, e4 = L) as explained in chapter 2. Define
the corresponding energy at time 7 to be

E(T)=1 f {alea(@)) + a '[es(P)]* + (a +a H|vo|*}dv.
Xr

Theorem LetT = %(L + L)and w = Dn. Assume that, for some € > 0, the
components of w satisfy the following estimates:

() ()" al(miL)? + (mar)® + (m11 + 720)?] € LIES,
(i) ()"l + Il + ol + 171l + 7ol + |ol] € LS.

Then, for some C = C. and all T,
E(T)* + { f W)L + |x7¢|2]dtdv}2
0<t<T

T
=CE) + C/O [l@> +a=2) f(, Dll2@w(0)dt.

The main feature here is that there is no amplification factor at all! In com-
parison with the preceding theorem, we see that the amplification factor A in
the preceding theorem came from 7'c/c (the error in m44) and ¢ — 1 (the error
coming from taking u = ¢ — r instead of a true optical function).

In particular, in this theorem, the derivatives e (¢), e2(¢), e4(¢) are identified
as the good derivatives.

Proof The components of 7 can be computed explicitly in terms of the frame
coefficients. Following the “key idea,” we have arranged for 1 = Dx

e =(D(L+L),Ly=—(L+L,D.L)=0.
The other components appearing in the assumptions of the theorem are
21a = (Dp(L + L), eq) +(Do(L+ L), L) = 22(1 — 214,
270 = (DL(L + L), ea) + (Da(L + L), L) = 21 + 25 + 274
=4n, + 2§aa

Tab = Xab + X, 40 = VurL.

The proof of the theorem follows the same lines as before. First, using the
multiplier T gives an energy density

OT,3) =10 +L,aL +a"'L)
= ila(L$)* +a " (L$)* + (a +a ")I¥|l.
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Taking X = e“T as a multiplier with a = a(u), we get from the weight addi-
tional interior terms

/ a'(u) 2 2
—aWQ(L,T) = _T[(L¢) + ¥ ol°].
We choose a’(s) = A(s)~'~¢ with A big enough, and finish the proof exactly
as before (see [5] for details). &

Variations on this theme of improved standard inequality also appear in [30]

and [41] (see chapter 9 for a statement).

4. Maxwell equations in the general case Letus work again with a null frame
associated with one optical function, but consider now the Maxwell equations.
Instead of defining the electric and magnetic fields as in the flat case (which
means six functions altogether), let us define the six components of F in our
null frame (eq, €3, L, L) as

a, = F(e,, L), a, = F(es, L), p = %F(L, L), 0 = F(ey, e).

Note that o and « are 1-forms on the (nonstandard) 2-spheres, and that o
does not depend on the chosen orthonormal frames on these spheres, since for
another frame

é1 = (cosO)e; — (sinf)ey, €, = (sinf)e; + (cosH)es,
we would find
& = F(é),&) = —(sin* 0)F (e, 1) + (cos* 0)F(e1, €2) = Fley, €2) = o.

First, we note that, computing the double trace | F|? in our null frame and taking
into account the symmetries of F,

|F|2 = 2F122 — 2F]3F14 — 2F23F24 — %F3,24 = 20’2 — 2,02 — 20[@
From the definition of the energy—momentum tensor in this case, we can write
O(X,Y) =2F(X,9,)F(Y,9") = 5(X, Y)|F|,

and we observe that the first term is a trace, which can be computed in any
basis with its dual basis. For instance,

F(X,3,)F(Y,8") = F(X,e))F(Y,e)) + F(X, e2) F(Y, e3)
—1F(X,L)F(Y,L) — $F(X, L)F(Y, L).
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For the components of Q, we thus find

O(L, L) =2lal®, Q(L, L) =2lal*, Q(L,L)="2(p* +o?),
O(L,e)) = 2—0ay + pay), Q(L,e)) = 2A—oa, — pa,),

Qler, e)) = 0>+ p* — a1a; + ey, Qler, e2) = (12, + e,

and similarly for the other components.
Finally, define the energy of F at time T to be

E(T)=j | falal’+a 'l + (@ +a")p* +o))dv.
Xr

The following theorem is completely analogous to the corresponding theorem
for .

Theorem LetT = %(L + L)and w = Dn. Assume that, for some € > 0, the
components of w satisfy the following estimates:

() )" a(x} +n} + 73 + 7, +73,) e LILY,
(i) ()" (mnl + 1wl + ImiLl + |morl + o)) € L,

Then, for some constant C = C., for all solutions F of the Maxwell equations
and all T,

E(T) + f W)y (a + p? + od)didv < CE().
0<t<T

In particular, under these assumptions, the good components of F are o, p, 0.
The proof of this theorem is practically the same as for the case of [ in section
5.3. We use the multiplier X = ¢“T with a = a(u). This gives additional terms
in Qm:

a'@Q(L, L+ L) =2d'u)(|e* + p* + 0?),
and identifies the good components. The corresponding energy density is

Q(X,9) =1e"Q(T,aL +a"'L),

justifying the definition of E. The rest of the proof is the same as that in section
5.3 (see [5] for details). <&
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5.4 Conformal inequalities

1. In the flat case, this quite miraculous inequality (see [9], [24]) is obtained
using the multiplier

Ko = (r> 4+ 128, + 2rtd,.

Recall that K is a timelike conformal Killing field. The question is now: for a
general metric g (close to the flat case or more general), how should a substitute
for Ky be chosen? To motivate the answer, let us go back once more to the flat
case,and setu =t —r,u =t + r. We easily check the formula

S =10, +rd =3l +ul), Ko=3W?L +u>L).

Suppose now that we have a general split metric g and an optical function u#, and
that we work in the associated null frame as explained in section 2.3. Following
the presentation of [28], by analogy with the flat case, define u = 2¢ — u (though
terribly ugly, this formula will do), and set

Ko = $@’L +u’L).

2. For a certain function €2, to be chosen later, let us set
T = (KO)JT, T =m— Qg.

Similarly to what we did in chapter 4, we can modify the key formula for the
energy inequality by writing

D*P, = %Qaﬁﬁ'aﬁ — iqszQ + <Ko¢> + %qﬁ) (L),

with the modified P
~ FEERY; L,
Py = QaﬁKO + E¢3a¢ - Z(p 3aQ-

We choose 2 = 4¢, which is the value for the flat case. By integrating in a slab
{0 <t < T}, we then obtain the conformal energy at time T

E(T)y=1 [ {au’(Lo)* +a 'u* (L)
Zr

+ @ 'u? + au®)|Wp|* + 8tpd,p — 4¢}dv.
Recall here the notation
a=@u ", N=—@u)"g"dud;.

We prove now the positivity of the conformal energy.
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Theorem Assume |a — 1| < 0.1 and (div N)(u — u) = 4 + € with |e| small
enough. Then, for some constant C > 0,

E(T)>C | {u*(L$)* + (u* + ud)|¥d|* + u*(Lp)* + ¢*}dv.
Zr

This theorem identifies L¢ and Y¢ as the good derivatives of ¢. The addi-
tional control of uL¢ is not useless (as we shall see in section 6.1). It is
a weak form of a control of all Z¢ (Z denoting a Lorentz field as usual),
since

ul +ul =28, ul —uL =2 w;H;.

Once again, note that our choice of the multiplier K is coherent with the “key
idea,” since

#rr =L = 2{D Ko, L) = (DL (w’L + u’L), L)
= Lw*){L,L) +u*(D;L,L) + Lw?)(L, L) —u*(D, L, L) = 0.

Of course, the theorem provides only an analysis on the conformal energy;
it should be complemented with a thorough analysis of the interior terms
fD QmdV in the spirit of section 4.5. We refer the reader to [28] or to [24] (in
a nongeometric setting) for such an analysis.

Proof The idea of the proof is to transform the term 73;¢ of E, using two
auxiliary fields S and S, into a term involving a tangential derivative, for which
we can perform an integration by parts on X7.

(a) We set

S = %(QEL +a*1uL), § = %(a£L _ aflué).

Then

1 2t 212
t31¢=5¢—§(z—u)N¢, t3z¢=u_u§¢—u N¢.

For some number 0 < A < 1, to be determined, we split 79,¢p = At9,¢ + (1 —
A)t9,¢ and use the expression with S for the first term, and the expression with
S for the second.

(b) To integrate by parts in X7, we need a formula. For any field X and any
two functions f, h, we have

div(fgX) = fgdivX + X(fg).
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We will use this with X = N, noting that
v=divN =) (DyN.eq) = (Da(al — T), es) = atry — k.
(c) Using the divergence formula of (b), we obtain
/t(f)a,(i)dv = /¢S¢dv — }‘f(g— )N (¢p>)dv
= /¢s¢du + 1 f[N(g —u) + v(u — u)]p>dv.

Similarly, we get

2t 1? 1? 5
/t¢8,¢dv =/—¢§¢dv+/ [N( >+v ]¢ dv.
u—u uUu—u u—u

Now, using the assumptions of the theorem, we find for the ¢>-coefficient in
the first expression

Nu—u)=2N({t —u)=—-2Nu=2(N,L)y =2, Nu—u)+v(u —u)
=6+e,

and for the ¢>-coefficient in the second

12 12 12 12
N(u u>+vg—u = (g—u)z[_2+v(ﬂ_u)]=(2+6)(Q—M)2'

(d) We now observe
a*u*(Le)* + a*u(Lg)* = 2[(S$)* + (Sp)*].

Since [a — 1] <0.1,d <a,and d < a~! for d = 0.9, the integrand of 4F is
bigger than (a~'u? + au®)|¥¢|> + F, with

F =2d[(S¢)* + (S¢)*] + 8Artpd,¢p + 8(1 — M)tpd,p — 4>

Integrating on X7, we get

/de:f{Zd <s¢+n§)2

2
+ ¢? [(12+2e)x 4 -8 }+2d<s¢+4zdL_u)¢>
IZ

=y

¢ |:8(1—?»)(2+6)—32( )”
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Taking € = 0, we need to impose the conditions
2

d A
k>1—5,2——3)»+1<0.

d
Since d = 0.9, this reads

A >0.55,0.6 <X <0.75,

which is certainly possible. Thus, choosing A is also possible for |e| small

enough.

<&
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Pointwise estimates and commutations

In the previous chapters, we put emphasis on energy estimates, since nothing is
possible without them: they provide the basic control of the solutions, and allow
one to identify the “good components,” as explained in chapter 5. However,
for the sake of completeness and for applications to nonlinear equations, one
generally needs more than (weighted) L? estimates: one also needs pointwise
estimates, displaying the rate of decay and the qualitative behavior of the
solutions.
The basic tool to use here is the Klainerman inequality

(A + 11l + (1 + Ir = thloCe, O < € Y NZ5C, DI,

where the fields Z are the standard Lorentz fields Z = d,, S, R;, H; and the
sum is extended to all products Zk of k such fields, k < 2 (see, for instance,
[24] for a proof). The “Klainerman method” is the fundamental strategy to
obtain pointwise estimates. It consists of the following three steps:

Step 1 Prove an energy inequality for [J.

Step 2 Commute products Z* of Z fields with [J to obtain equations (1Z*¢ =
fx (k < N), and apply the energy inequality to these equations.

Step 3 Use the Klainerman inequality to obtain the pointwise qualitative
behavior of VZ'¢p (I < N —2).

The only problem with this strategy is that, in general, there is no reason why
the standard Lorentz fields Z should commute with [J = [,. Hence there are
three possibilities:

(1) We use modified Z fields but do not commute them with [J. This is made
possible by using (generalized) conformal inequalities, which, as we saw
in section 5.4, directly yield a bound for the L2 norms of

ulg, uLe, uyeo.

57
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These fields can be considered good substitutes for the Z fields. In this
case, however, we control only one Z field, and not products of such fields!
We will see that this is enough to get some qualitative information, but this
information is not as good as that from the Klainerman inequality.

(2) We change the standard Z into modified fields Z which commute better
with 0. This is a rather difficult geometric construction, and we will see
two aspects of it.

(3) We nevertheless use the standard Lorentz fields Z. Rather unexpectedly,
this approach turns out to be efficient in many nonlinear perturbation
problems. We postpone this discussion until the last chapter.

6.1 Pointwise decay and conformal inequalities

We saw in section 5.4 the expression for the modified energy E which arises
when establishing a conformal inequality. If we can bound E, we can bound in
particular, the spatial L2 norms of 7 ¥'¢), uL¢, and uL¢.

The article [28] is written using a null frame associated with one optical
function u, as explained in chapter 1. The strategy of [28] is the following:

® One does not try to commute the Z fields with [J; one commutes only 9,
or more precisely, Ty = %(L + L). We have already seen in section 5.3 that
To)gr, , = 0, which, as we shall see in the next section, is a condition ensuring
cancellation of the bad terms in the commutator [7j, [J]. Using the equation
Ou = f, the control of the Ty derivatives yields a control of all derivatives;
for instance, in the flat case,

19%@1122 < 11AGII22 < (187ullz2 + [1D0ul]2).
¢ One defines a higher order energy E; | by the formula
Epri = ) E@°9).
loe| <k

The following proposition gives the required pointwise bound.

Proposition Let ¢ be smooth and sufficiently decaying as |x| — +oo. For
p > 2,

10g(x, )] < Cp(1 + 1)1 Es(0).

The drawback of this strategy is obviously that, even in the flat case, it can
never give the good decay rate t~!, since p > 2. However, it has the advantage
of commuting only “ordinary” derivatives with [, instead of Z fields.
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To see the full strength of the conformal energy, we outline briefly the proof
of the proposition in the flat case. First, we admit the following functional
analysis lemma.

Lemma For any smooth function v on Ri sufficiently decaying at infinity, and
p>25>5/2-3/p,

_2
) < Clx[-r({lrFvllas + vlla:)-

If we consider a solution ¢(x, ¢t) of ¢ = 0, this lemma yields the inequality

of the proposition only for [x| > §. For x| < £, we just note that

E > Ct2/ |0¢|>dx.
[x|=

%
This is where the term u L¢ is used. The control of uL¢, uL¢, r¥ ¢ yields in
fact the control of the hyperbolic rotations H;¢, since

Ho=) wH =13 +rd = 3L —ul),

R
H; = w;Hy + t(0; — w;0,), Bi—wiarz—(w/\—) .
r/i

6.2 Commuting fields in the scalar case
We establish a general commutation formula.

Theorem (Commutation formula) For any field X with deformation tensor
— X
=g,

[0, X1¢ = n¥V2pep + Do g — 13%(tr 7)049.

In particular, X is a Killing field if and only if [[J, X] = 0; in practice this is an
easy way to identify a Killing field. For instance, if g is the Kerr metric, we see
immediately that 9, and d, commute with [J. If X is conformal Killing, that is,
m = Ag, we have D%m,g = dgA, hence

[0, X1p = A0p — 0%Adyob.

For the flat metric, for instance, we get [[1, S| = 200, but [0, K, ] # —4x, 0.
We say that § commutes well with [J, since if [l¢p = f is known, so is (IS¢ =
Sf + 2 f; but this is not the case for K,,. Note, however, the formula

(Ko + 26)¢ = (Ko + 66)06p.



60 Pointwise estimates and commutations

Proof We give here a (pedestrian) self-contained proof of the theorem, using
the formula for 7# given in chapter 4.
(a) We write (¢ = 0%9,¢ — (D“9,)¢, hence

XUOg = [X, 0°]0.¢ + 0°[X, 9]¢ — [X, D* 3] + DX .
Now

[X, 0y] = —(0,X")0,,, [X,0%] = X(g“ﬂ)alg —(3°X")0,.
Gathering the terms, we get, with a first order differential term E,

[0, X1¢p = 7 V2¢es + E,
E = 7°P(Dydp)p + (3% oy )3 XP)dpp + 3.(3*XP)dpp + [X, D041

(b) From the definition of D, we get

Daj'[aﬁ = (DaDaX, 8,3) + (DQDﬁX, aa>
—(Dpey, X, 9g) — (Dpey, X, 0y)-

Also,
10strm = (DgDy X, 0%) 4+ (Do X, Dgd*).
Hence
Dmup — S0ptrm =1+ 11+ 111,
where

111 = (Dyye,x)00, 9p) + (D*[0a, X1, 0p)
+{[X, D*0,], 9p) — w(D*0p, ) — (9p8°")(Du X, dy).

Here, we have introduced on purpose the terms

I = (DyDsX — DDy X, 0%),
11 = (D*Dxdy — Dx D8y — Dyge x)0u» 9p)-

These terms are “curvature terms,” denoted
I = R‘;‘mﬁ, 1l = Rgax'

For simplicity, we chose to introduce the curvature tensor R only in the next
chapter, so we have to admit at this point the symmetries of this tensor:

Raﬁy(S = _RﬂayS = Ry&xﬁ-
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This being admitted, we obtain I 4+ 1/ = 0, and
Il = 7" (D, 8y, dg) — w7 (Dydp, 3y)
+ 0% X")gyp + ([X, D*8u], 9p) — (058”7 (Do X, dy).
(c) Finally,
(Dt — 39ptr1)3P ¢ — E = 5(VP)(gap)1® — 5(V)(8ay ) = 0,
since
7% (Dydg, 3y) = T (Dgdy, 0,) = 377 IpGay . &

Like all such formulas, this commutation formula has the advantage of being
written as multiple traces: the term 7 V2¢aﬁ is a double trace, analogous to
the term 7%/ Q,p of the energy inequalities; the other terms are

Dy’ dp¢p — 30P(r m)dpp = Do, — 3(V)(tr ).

6.3 Modified Lorentz fields

In practice, we cannot expect to find X commuting exactly with [J, so we
choose modified Lorentz fields X which look close to the standard Lorentz
fields and can be expressed in the null frame with which we are working.

1. Good commutation condition If one is mainly concerned with decay at
infinity, one can use the concept of the “good derivative” to construct modified
fields. In chapter 4, when looking for a good multiplier X to obtain an energy
inequality, we found the condition ¥)7r; ; = 0; this condition ensured that all of
the interior terms 7w *# Q.p would contain at least one “good derivative” ey, e,
or L. Similarly, we can sketch what could be a “good commuting field” X for
0. This is a field X such that the higher order terms 7 V¢,z (given by the
theorem in section 6.2) involve only good derivatives of ¢, that is, second order
derivatives containing at least one good derivative. Since, with this definition,
the only bad second order derivative is L>¢, the required condition is again
(X)JT LL = 0.

Good commutation condition X7, ; = 0.
2. The difficulty with the hyperbolic rotations Consider the equation —3? +

c?A, instead of the standard [J = —d? + A,. For the hyperbolic rotations, we
now have to take H; = %’a, + ct9;. In other words, H; depends on the speed
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¢, while S and R; do not. It turns out that, in more general situations, good
substitutes for H; are not known.

This being admitted, one has to explain how to replace the Klainerman
inequality when the fields H; are missing. The idea is to use only the fields
I' =9,, S, R, and the operator [J itself. For the flat case, one can prove the
following inequalities (see [38]), which can be viewed as a substitute for the
Klainerman inequality.

Proposition Let E(¢p) be the standard energy, and define a higher order energy
Ey1 by

Ec(@) = ) ET*¢), T = {0, S, R}.

la|<k

Then, 0; (i = 1, 2, 3) being the spatial derivatives,

(L4 1)t — 18 V$| < CEZ + 1]|06]1.2).

It turns out that this type of inequality is also available for more general
situations than the flat case (see, for instance, [6]). Thus the Klainerman method
can be extended to nonflat geometric situations, dropping the H; and using
appropriately defined S and R;.

3. The fully geometric approach This is, for instance, the approach of [29],
where the null frame is associated with two optical functions # and u as
explained in chapter 2. In such a geometric framework, one is looking for sub-
stitutes for the standard Lorentz fields S, R;, H;. We have already mentioned
that it is necessary and possible to forget about the hyperbolic rotations H;.
The generalization for S follows easily from the formula S = %(uL +ul)in
chapter 5. For R;, we take fields tangent to the (nonstandard) 2-spheres of the
foliation. The actual construction in [29] is rather delicate, and we only sketch
it here. First, we consider in ¥y = {t = 0} a specific sphere foliation, with
unitary normal field N. The flow of N and the asymptotic properties of the
metric at infinity allow one to pull back to a given sphere the standard rotations
R; at infinity (which are homogeneous of degree 0). Once this is done, we push
forward these rotation fields by the flow of L along an outgoing cone. In this
way, we obtain rotations O satisfying good commutation relations

[0,70]1=e€f0, [L,70]1=0.

The drawback of this definition is, of course, its global and nonexplicit character.
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4. A simplified approach Suppose for instance that we choose a quasiradial
frame and that our assumptions on g allow us to identify e;, e,, and L as the
good derivatives (see chapter 4). The idea for constructing a good commuting
modified field Zistotry Z = Z + aT, since the other terms in the perturbation
of Z would involve only good derivatives and would probably play a negligible
role (note that here we take T rather than L since 7' has smooth coefficients
everywhere). Then

Tc
Dnr =P +a P —2La =2(L, Z], L) — 2aT —2La.

For the reasons explained above, we forget about H; and will use and modify
only Z = R; and Z = S. Since [R;, 3,] =0, [S, R;] =0,

R
[R,T]=[R,0]+---R, [R,N]=TCN+-~-R, [S,T1=1[S,0]+-R,

Sc Sc
[S,N]= —N+c[S,0,]+---R, [S,L]=—-L+—N+---R,
c c

we get

Rc Sc
([L5R1]7L> = - ([L75]9L> = -
Cc Cc

Finally, we define a = Za by

Tc Zc
La+a—+— =0,
c c

and use the fields
Z=7+*%al,

which satisfy the “good commutation” relation. Of course, this causes a certain
number of technical difficulties: we need to control a simultaneously with the
solution ¢ to obtain a pointwise estimate from a bound of VZ*¢ in L? norm,
etc. The advantage by comparison with the fully geometric approach is more
simplicity in the computations. We refer the reader to [6] for details.

6.4 Commuting fields for Maxwell equations

In the scalar case of the previous section, our aim was to control X ¢, or more
generally X*¢ for some collection of fields X, ¢ being a solution of (J¢ = 0.
For Maxwell equations, the unknown is a 2-form F, and X F does not make
sense; it has to be replaced by Lx F, the Lie derivative that we briefly discussed
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in chapter 4. Since the exterior differential operator d commutes with mappings,
we have [Lx, d] = 0. Thus, for a solution of Maxwell equations,

Lx(dF)=0=d(LxF),
£X(d* F) = O=d(£x *F)

To compute the commutation defect coming from the second equation, one can
use the following formula, where 7 stands for the deformation tensor of X:

Lx* Fy, =+LxF,, + *F/frrpv +xFlm,, — %trn * Fy.

Using this formula, one again obtains the set of Maxwell equations for Lx F,
perturbed by first order derivatives of F. Let us point out that there is an anal-
ogous formalism for the Bianchi identities that we will very briefly discuss in
the last chapter. We refer the reader to [29] for more details about commutators
in these cases.
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Frames and curvature

In this chapter, we always assume for simplicity that the metric g is split,
Supdx®dxP = —di® + g;jdx'dx’,

that the coefficients g;; and g% are bounded, and that, for some C > 0 and all
points,

o )
gij&'E’ = CIE|".
We wish to examine in more detail how one can control the frame coefficients

of a given null frame. At this point, we need to introduce the curvature tensor
R.

7.1 The curvature tensor

1. The three fields X, Y, Z being given, the field R(X, Y)Z is defined by the
formula

R(X,Y)Z = DxDyZ — DyDxZ — Dix.y|Z.

Hence R(X, Y)Z measures the commutation defect of Dy and Dy, when
applied to Z. The remarkable feature here is that this expression is linear in all
three fields X, Y, Z. For instance,
R(fX,Y)Z = fDxDyZ — Dy(fDxZ) — Dysix v1-ovpxZ = fR(X,Y)Z,
RX,Y)fZ)=Dx(Yf)Z+fDyZ) — Dy(Xf)Z+ fDxZ) — Dix,yi(fZ)
=XYNZ+ XY )DxZ+ (Xf)DyZ — (YXf)Z
—(Xf)DyZ — (Yf)DxZ — (X, Y]f)Z+ fR(X,Y)Z = fR(X,Y)Z.

65
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Note also that, by construction,

R(Y, X)Z = —R(X, Y)Z.

2. The curvature tensor is just
RW,Z, X, Y)=(R(X,Y)Z,W).

The point of introducing all four arguments X, Y, Z, W lies in the remarkable
symmetries of R:

Raﬂy5 = _Rﬂayé = _RaﬂBys
Raﬂyﬁ = Ryaozﬁ-
The symmetry in y§ has already been shown; the symmetry in o8 is some “inte-
gration by parts” formula, since the derivatives acting on Z = dg are transferred
to act on W = 9,. The symmetry of the second line is more mysterious, and

we refer the reader to standard textbooks for its proof (see, for instance, [22]).
Finally, we also have the “circular permutation” formula

Rapys + Raspy + Raysp = 0.

Using the definition and the Christoffel symbols, one can write down an explicit
formula in local coordinates for the components of R:

Rsapy = 0pTsya — 0y sap — 8Ty, Tgs + guvrgﬁr;}//a-
To prove this, we just write
RSaﬂy = (DﬂDyaa, 85) — (D),D,gaa, 85)
= 0p(Dy 0, 95) — (D der, Dp0s) — 8y, (Dpdy, 05) + (D0, Dy 0s).

Thus R is expressed using second order derivatives of the metric g. Generally
speaking, whenever a computation involves second order derivatives of g, one
can expect R to appear; we will follow this path in many proofs in this chapter.

3. The Ricci tensor is a trace taken on R (because of the symmetries of R,
there are not many traces to be taken)

o

Ricy = g Ryavp = RS2,

and the scalar curvature is the trace of the Ricci tensor R = Ric_. Note that,
due to the symmetries of R, the Ricci tensor is symmetric

Ric;w = gaﬁR/wwﬁ = gaﬁRvﬁua = gﬁaRvﬁpwt = Ricvu~
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From the explicit formula for R we easily get in local coordinates
Ric,, = %a“aﬂgw + %a“avgw — %g"’ﬁaivgaﬁ
— 38770280 + 8P gys (1,18, — TILTS,).

From now on, we just write Rog for Ricyg.

7.2 Optical functions and curvature

1. New normalization of the null frame associated with an optical function
From now on, to fit with [31] better, we are going to change slightly the choice
of the null frame associated with the optical function u (see section 2.3). In this
new normalization, we set L’ = —Vu, and take, still noting a = (3,u)~!,

L=al' =9, +N,L=209,—N.
Thus, as usual,
(L,L)=0,(L,L)=0,(L,L) =—-2.

This normalization is in some sense more natural than the previous one; its
drawback is that L is no longer the gradient of some quantity. With these new
definitions, the formulas for the frame coefficients have to be slightly modified.
We give only the results, the proofs being analogous to that of section 3.4.

Theorem (Frame coefficients) The frame coefficients are given by the fol-
lowing formulas:
DyL = Xapep —kanL, DoL = x  e» +kanL,
DL = —kyyL, DL =2n es+kynL,
DL =2n.eq +kyyL, DL = 2§ eq —kynL,
Dpeq =Prea+n L, Diea =Pres +n.L+§ L,
Dyeq =Prea + 3L + 5 X, L.

The formulas expressing X § o in terms of x, &, n, given in section 3.4 also
have to be slightly modified and now read

Xy = —Xab — 2kap,
eq(a
S =_77a+kaN’ﬂa=_kaN,7]a= ( )+ka]\].

=a a

An important fact which will be useful later is the following.

Lemma With the new normalization, the coordinates of L are bounded.
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Proof  This is clear for the t-coordinate. Since N = —ad'ud;, the i-
coordinate of L is —g"/d;u/d,u. Taking into account the eikonal equation
(8,u)* = g 0;ud;u and the assumptions on the metric, the claim is proved. <

2. Transport equation for # Let u be an optical function, that is, (Vu, Vu) =
0. The transport equation satisfied by the derivatives of u is given in the fol-
lowing theorem.

Theorem The second order derivatives of u are related to the curvature tensor
through the transport equation

Dvaualg — aVzuwvzuZ =a ! RgraL-
Proof Using the definitions, we get

D VZuus = L(VZugg) — Vu(Dpdy, 35) — Vu(dy, Drdp),
L(V?uag) = L{DyVu, dg) = (D DyVu, 3g) + (Do Vu, Ddg).

Since D; Vu = —a Dy, Vu = 0, using the symmetry of the Hessian, we obtain

Dy Vuug = (D, DyVu, dg) — (Dy DL Vu, dp)
- <D[L,8u]vua aﬂ) + (Dﬁvuv [L7 aol]) - <Dﬁvu’ DLaa)‘

Taking into account [L, 0,] = D19, + Dy(aVu), the formula is proved. <

Recall from section 3.4 that the frame coefficients are just components of V2.
It seems that this formula shows the necessity, at this stage, to introduce the
curvature tensor in order to be able to control the frame coefficients.

The above formulas can be viewed as a system of differential equations
in the unknowns Vzuaﬁ, along the integral curves of L. Assuming that the
components R,;g; of the curvature tensor are given, we can use the above
proposition to compute the components of VZu, by solving the differential
equations along L, with initial data on {r = 0}, on the 7-axis, or elsewhere. To
understand why this is not the best strategy, one has to imagine that the metric
g is not smooth, and that we wish to pay the greatest attention to the regularity
of the various objects at hand, counting derivatives, etc. In this context (which
will be discussed briefly in the last chapter), the components of R have two
derivatives fewer than g, and integrating along L does not gain anything.

In particular, consider the intrinsic components (see section 3.4)

Xab = (DoL, ep) = —a(DyVu, ep) = —aVugp.
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It turns out that we have to split x and yx into their traces and their traceless
parts

rx =xg rx=x"% x =3+ 308 x =% +5trxeg.

The traces will be controlled by integration along L, while the traceless parts
will be controlled through an elliptic system on the spheres of the foliation.

7.3 Transport equations
Theorem (Transport equations) The quantities a and tr x satisfy

La = —akNN,
L(tr ) + 2(tr x)* = =% > — knyntrx — Rpp.

Proof (a) We first prove the second formula. Since x,, = —aVug, trx =
—aV?u4. In order to obtain L(tr x ) from the transport equation on u, we observe
that L commutes with the partial trace

L(V?u®) = D, V*ul.
In fact,
L(V?u®) = D V*u® + 2V*u(Dyeq, e,).

Now, since (D e,,e,) =0,{(Dre,, L) =0and (Dyey, e;) = —(Dpes, e1), we
have for some coefficients «, 8,,

Dye; =waey + B1L, Dyey = —ae; + L.
Hence
V2u(Dyey, e1) + Vu(Dpes, e2) = VZu(er, e2)(a — &) + B, V2u(L, e,).
Since D, Vu = 0, VZu(L, e,) = 0 and the claim is proved. We thus obtain
Ltrx) = %trx —aDyVu®.
From the transport equations on u, we immediately get
DvauZ = aVzuuyvzuZ +a! Z Rirar-
From the definition of the Ricci tensor R, using the symmetries of R,

1 1
Ry = E Rarar — 53R — 5RirLL = E Rarar-
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As we have already observed that V2u, = 0, the trace in the above formula is
just

2 2 2 2 -2, 12
Vg,V u(’::E ViuapViugy = a " |x|".

Summarizing, the formula is proved, since |x |> = |¥|*> + %(tr X2
(b) To prove the first formula, we observe that

La
(DLL,L) =—2—,
a

since Dy L = Dy(—aVu) = (La/a)L. On the other hand, since T and N are
orthogonal unit vectors with Dy T = 0,

(DLL,L) = (Dryn(T + N), T — N)=(DrT,T — N)
+(DyN,T — N)+ (DNT, T — N) + (DyN, T — N) = 2kyn.
<&

The point of these formulas is that they involve only k (first order derivatives
of g), ¥ (which will be separately controlled later by an elliptic system), and
Ry 1. We have to show now what is so special about Ry .

Theorem (Special structure of R;;) Let z = L'g* 088av — %g“ﬂL(galg).
Then

Ry, =Lz— 3L"L'Og,, + E,
where, for some constant C, |E| < C|dg|>.

Proof The proof is by brute force, using the explicit formula given for R, .
Observe first that the quadratic terms in I" in the formula for R, can be put
into E. Next,

gaﬁajﬂguv = Dguv + Els

where E’ can be put into E. We are left with the first three terms of the
formula, which can be handled similarly, so we discuss only the first one,
g“ﬁL“L‘)aiﬂgw. We just write it

L(L" g dp8qv) — L(L")3" 8o — L"L(g")3p &av,

and observe that the last term can be put into E, while the first one enters into
z. It remains to examine L(L"). Since L = —aVu, L' = —ag""9,u. Hence

v La v v v
L(L") = 711 + L(g M)<La a/l.> +38 H(La DLau>-
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Taking into account that La/a = —kyy, all three terms are linear combina-
tions, with bounded coefficients, of first order derivatives of g. Thus the term
L(L")0%gy, can be put into E, and this finishes the proof. &

7.4 Elliptic systems

These systems will control the traceless part of x on one hand, and 7 on the
other hand. Recall that y and 7 are tensors on the spheres, so we will consider
the induced connexion /2 on the spheres to take their derivatives.

Recall that, if X or Y is not tangent to the spheres, we have defined PxY
as the orthogonal projection of DxY on the spheres. This definition makes
sense, since we saw in section 3.2 that if X and Y are tangent to the spheres,
this projection is just the result of the induced connexion. We can extend this
definition to tensors by the usual derivation formula

XT(Y,Z)=DxT)Y, Z2)+ TPxY, Z)+ T, PxZ).
This extension will be used in the proofs.
1. Codazzi equation The elliptic system satisfied by ¥ is given in the following
theorem.
Theorem (Codazzi equation) The tensor ¥ satifies
div Ra + Ravken = 5(€a(tr X) + kantr x) + RoLba-

Recall that x is a symmetric 2-tensor on the sphere foliation, and div means
the trace with respect to one argument:

div )?a = pbi:

As usual, one should be careful that we consider first I, x , and then take the ab
component and sum. This is different from taking the divergence of the 1-form

x(ea, ).
Proof (a) To prove the Codazzi equation, we first prove
chab - pa Xbe = Ryrea — chXab + kaNch-

This follows smoothly from the definitions; in fact,

yc'Xab = ec(Xab) - X(pceav eb) - X(eav pceb)
= (D:D,L, ep) +(D,L, D.ce,) — (DL, Dcea> — (DL, pceb>-
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Since a second order derivative of L appears, we wish to introduce the missing
terms to see a curvature term. Thus we write

DeXab = Rprea + (DaDcL, €p) + (Dic,e, L, €p)
+(D,L, Dcey, — Dcey) — (DyL, Deey).
We transform terms according to the formulas
(DaDcL, ey) = eq(xpe) — (DcL, Dyey),
(Dre,e )Ly en) = (DpL, [ec, eqa]) = (DpL, Peea— Paec),
and we get

@chb = Rcha +1I+11,
I = e,(xpe) — (DpL, Paec) — (D:L, Dyep),
11 =(D,L, D.e), — D.ep) — (DL, Dyep, — Dyep).

Since
Daxpe = ea(xpe) — (DcL, Daep) — (DpL, Doec) = 1,

we are left to deal with the term I of the second line.

In section 3.2, in the case of a submanifold of codimension 1, we introduced
the second form k&, and proved the formula DxY = DxY + k(X, Y)N. Here,
we are dealing with the submanifold S; , of codimension 2, for which x and X
act as a pair of second forms. Just as in section 3.2, we can prove the formula

Daey — Paey = 3xaL + 53X, L.
In fact,
(Daep, L) = eq{ep, L) — (ep, DyL) = = Xab
gives the coefficient of L, and similarly for L. Then
211 = (DyL, xpcL) — (DcL, XabL).

Since

(D,L,L)=(D,T,T)—(D,T,N)+{(D,N,T) — (D,N, N) =2k,
we find

1T = kan Xpe — KeN Xab-
(b) In the formula

ﬂchb - anbc = Ryrca — chXab + kaNch
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proved in (a), lift the index b and take ¢ = b to obtain
Dox? — Daxl = Rorva — kon x2 + kantr x.
We finally have to split x in this formula. First,
ea(tr ) = ea(xy) = Paxy +2x (€5, Paey)-
Since (P,ep, ep) = 0 and (Dieq, e2) = —(PD1e2, e1), we find, for instance,
x(en, Prep) = (Prey, e2)(x(e1, €2) — x(e2, €1)) =0,
and similarly for [9,. Next,
Pox =PoR + 3e(tr )8, Poxi = PoRl + 5ealtr X),
which yields the formula. <&
2. Ellipticity We have to explain why the system on j§ is called “elliptic.”

Note that § depends only on two functions jx;; and j;», and that we have two
equations. More precisely, we know from the definition that

pc)?ab = ec(f(ab) +-

where the dots stand for zero order terms in x¥. Hence the Codazzi equations
are

ei(i)+e(t)+ =, (i) +ef)+---=....

Since j is symmetric and traceless, this can be written as a first order 2 x 2
system on the unknowns X1, X12, with matrix

€] €2
—e €l '

The principal symbol of the matrix operator is the principal symbol of €7 + e3,
that is, the principal symbol of the Laplace operator on the spheres.

3. The system on 7
Theorem (div—curl system on n) The I-form n satisfies the following system:
divy = 3 L(tr ) — gkuntr x — [ + 38w X, + 300 X) = 3R 1,
curl g, = %(Xbczac — XacX,) + %(_RaLLb + Rprra)

Proof (a) We first prove the formula

DrXab =2 Panp + Xabkny + 20amp — X, Xeb + RoLLa-
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Using the definitions,
Drxav = L(Xap) — x(PLea, ep) — x(ea, PLep)
=(D.D,L, ep) + (DL, Drey) — x(DPrea, ep) — x(eq, Preb).

Forcing the curvature term into the formula by adding and substracting terms,
we get

Drxab = Rprra + (DuaDLL, ep) + (Dip 1L, ep)
+(DsL, Drep) — x(Prea, er) — x(ea, Prep)
= Rprra +2e4(np) — (DL, Dyey) + (Dyp e 1L, ep)
+(DsL, Dpep) — x(Prea, er) — x(ea, Prep).

The third, fourth, and fifth terms are handled by brute force, using the formula
above for the frame coefficients:

<DLL3 Dgep) = 2n(Paep) — Xavknn,
[L,e.] = @gea - Lcec + (Ma — kan)(L — L),
(DoL, Drey) = x(ea, Prep) + 2kannp.

Substituting into the above formula, we see that the x terms cancel out, while

e.(Mp) — NDaep) = Panp.

This yields the formula.
(b) We use the above formula in two ways. First, we take » = @ and sum to
obtain

Prxg = 2divy +kyntr x +2001> = xavx, + R 14
We now split x and x as explained at the end of section 7.2.2:
X =%+ 3rg x =+ 5(tr x)g.

Noting that P; x¢ = L(tr x), we obtain the first formula of the theorem.
For the second, we substract the formula with ba from the formula with ab
we have established, to get

2curl Nab = Xbclac - Xaclbc - RuLLb + RbLL{p

Splitting x and x as usual, the x, x terms yield the same terms with x replaced
by X and x by X, the other terms cancelling out by symmetry. <&

Note that the system on 7 is also elliptic, since its matrix operator has the same
principal symbol as the Laplace operator on the spheres.
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7.5 Mixed transport—elliptic systems

If we examine the system on trx, X, n, we observe the presence of the
term L(tr x) in the expression for divn, a term for which we have no con-
trol. Since we already know L(tr x), we can compute L(divn) and write
L(Ltrx) =[L, L]tr x + L(Ltr x). The result is summarized in the following
theorem.

Theorem Ser | = L(tr x) — %(tr x)?. The quantity [, satisfies the following
transport equation:

Ly + (rx)ps = —=L(Rp) =2 PLia R + 21, = na)ea(tr x)
— Lkyn)(tr x) — (kyy + tr x)L(tr x) — 3(tr x)°,
where the quantity D1 X is given by
DrRab =2 Pany — divnday + knn Rap + 2(anp — [01*8ap)
— 3 ) Rab — 3 X)X, + Rarip-

Proof The formula for . x follows from the formula in the proof of the
theorem about 7 just by splitting x:

DLy =DLR + 2(L(tr x)g + (tr x) PLg).

Proving as usual ). g = 0, and using the expression for L(tr x) in terms of
div n given in the theorem, we obtain the formula.
To prove the transport formula, we check first

Ly + (tr )y = LL(tr x) + L(tr x)(tr x) — L(tr x)(tr x) — 3(tr x)*.
On the other hand, using the formula for L(tr x), we get

L(L(tr x)) = —L(Rr1) — 2 PrRav 3
— (tr O[L(tr x) + L(knn)1 — knn L(tr ).

Using the formula
[L.L]=2(n, —na)es + knn(L — L),
we finish the proof. <&

The way one uses these formulas to obtain an actual control of all frame
coefficients is far from obvious:

(i) We note the presence of terms e, (tr x) in the transport equation for ;.
Hence one has also to establish a transport equation for P(tr x). The
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system of the transport equations on tr x, e, (tr x ), and the elliptic Codazzi
equations on ¥ and ¥ is closed.

(i1) To control n, we use the transport equation on w; along with the elliptic
system for n, which form a closed system on 1, |, and Pn.

We refer the reader to [31] for the actual implementation of this strategy.
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Nonlinear equations, a priori
estimates and induction

In the preceding chapters, we considered the wave equation associated with a
given Lorentzian metric g, and explained various ways of analyzing the qualita-
tive behavior of the solutions of this equation. This linear problem is of interest
in itself, and is far from being solved with some generality (see, for instance,
[6] for an answer to a natural decay question). However, in the literature much
emphasis has been put on nonlinear problems, that is on problems where the
metric g depends on the solution itself. One of the most interesting of these
problems is the Cauchy problem for the Einstein equations, where the metric
g itself is the unknown. For these nonlinear problems, since the metric is not
given a priori, we have to explain how the preceding techniques can be used.
It turns out that the problem of the long time existence of solutions can be
reduced to some a priori estimates of the solutions of a wave equation associ-
ated with a given metric. The main concept which makes this possible is that of
“induction on time.” We first explain this concept with a very simple ordinary
differential equation (ODE) example; after that, to illustrate how the method
works for PDE, we present a classical result on the lifespan of solutions to
some quasilinear wave equation with small smooth data.

8.1 A simple ODE example
Consider the Cauchy problem for the system of ODEs
X'(r) = AX (1) + F(X(1)), X(0) = Xo, t > 0.

We assume here that A is an N x N real constant matrix, X is the unknown
function on some (unknown) interval of R,*, taking values in RY, and

F:RY - RV

is assumed to be C'.

77
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We consider the case of an attractive equilibrium point, that is:

(i) all eigenvalues of A have strictly negative real parts;
(i) F(0)=0and |F(X)| < Fy|X|*.

We can then prove the following theorem.

Theorem There are constants Ay > 0, a > 0 such that, if | Xo| is small enough,
the solution X exists for all t > 0 and satisfies

|X(®)] < A1l Xole™.

Proof (a) First, we replace the Cauchy problem by some integral equation.
Setting X (¢) = eA'Y (1), we get X'(t) = Ae*' Y (1) + e*'Y'(t), hence

Y'(t) = e M F(X1)), Y(0) = X,.

Integrating this between 0 and ¢, and replacing Y, we obtain
t
X(@t) =Xy + / eI F(X(s))ds.
0

If X e CO(I) satisfies this integral equation, then, in fact, X € C'(I) and X
satisfies the original Cauchy problem.

(b) Next, we note that for some a > 0 and some constant Ag, |le?|| <
Ape~ . This is a consequence of the linear algebra fact: there are an invertible
matrix P, a nilpotent matrix N and a diagonal matrix D with

P'AP=D+ N, [D,N]=DN —ND =0.
Then, since D and N commute,
eAt — PeDteNtP_l,

and ™' is a polynomial in ¢, while the diagonal elements of D, which are the
eigenvalues of A, have all real parts less than, say, —b < 0. Since [leP!]| < e,
we can take for a any positive number strictly smaller than b.

(c) We make now the induction hypothesis: For some Cj to be chosen later,
and some T > 0,

IX(t)| < Coe™,0<t <T.

Note that, if Cy > | Xy, this hypothesis is satisfied for some 7' > 0. We show
now that, for a properly chosen Cy, this hypothesis implies in fact

IX()] < 3Coe™, 0<1t <T.
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Using the integral formulation of (a), we have
t
X < Ave " Xol + AcFo [ 0 CGeds
0
CZ
= [Aolxol + A0F0—°:| e,
a

If we choose (independently of 7)

a
Co=——F IXol =

a
41X < Co,
4A0F, = 16A2F, | Xol < Co

we obtain | X (7)| < %Coe_‘”.

(d) We finish now the proof of the theorem. Cj is fixed, and let us fix
|Xo| satisfying the above inequalities. Consider the supremum 7 of T such
that the induction hypothesis is satisfied for 0 <¢ < T. If T < oo, there is a
contradiction, since the estimate from (c) shows that X extends to some interval
[0, T 4+ €] withe > 0 and | X(2)| < Cpe™ there. Hence T = oco.

Finally, using this estimate and writing |F(X(t))| < FyCoe | X(¢)|, we
obtain

t
X(1)] < Age™ | Xo| + CoFoe™ f X (5)ds.
0

which gives, setting ¢(¢) = ¢*'| X (¢)],

(1) < Aol Xo| + fo S (s)ds.

Using Gronwall’s lemma, we get ¢(¢) < Ag|Xo| exp Fo(Co/a), which yields
the result with A; = Agexp(1/4Ay). <&

The preceding proof uses two fundamental facts from the theory of ODE:

(i) The solution to the Cauchy problem exists locally.
(i) If | X(t)] < M for some t < T, the solution X can be extended to some
bigger interval t < T + €.

Similarly, the process of “induction on time” for a PDE requires

(i) alocal existence theory,
(ii) a blowup criterion.

We are going to study these two aspects separately.
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8.2 Local existence theory

1. The standard theorem is stated in the context of the Cauchy problem for first
order quasilinear symmetric systems

SWHHU + Y AU + BU) =0, U(x,0) = Up(x).

Here, U = U(x, t) takes values in RY, § and A; are real symmetric N x N
matrices depending smoothly on U € R, while B maps smoothly R" to itself.
Moreover, S is positive definite (such a system is called hyperbolic symmetric,
see [9]).

Theorem If Uy € H*(R") for some s > (n/2) + 1, there exists T > 0 and a
unique solution U € coqo, T1, HHYn (o, T1, H*~YH of the Cauchy prob-
lem. Moreover, T can be chosen to depend on ||Uy|| s only.

Here, H* denotes the Sobolev space. We refer the reader to [42] or to [10] for
a proof.
2. We consider now two different types of nonlinear wave equations on Ri, .
Type (a) Equations of the form

Ou + Y87 (0, u)(035u) =0,

where the g®#7 are real constants. Such equations will be hyperbolic
if Vu is small enough.
Type (b) Equations of the form

Ou+ Y g u)dgeu =0,

where the g*# are real C™ functions with g*#(0) = 0. Such equations
will be hyperbolic if « is small enough.

a. A nonlinear wave equation of type (a) can be reduced to a first
order hyperbolic symmetric system by introducing the new unknowns U =
(0su, 01u, dru, d3u). The local existence result from the preceding section then
translates into the following theorem.

Theorem For a nonlinear wave equation of type (a), if, for some s > 7/2,
uo(x) = u(x,0) € H', uy(x) = (Bu)(x,0) € H'~',

there exists T > 0 and a unique solution u to the Cauchy problem with data
(uo, uy) satisfying

u e C%[0, T1, H )N C'([0, T], H* ).
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b. A nonlinear wave equation of type (b) can be reduced to a first
order hyperbolic symmetric system by introducing the new unknowns U =
(u, 0;u, 0 u, dru, d3u). However, this is not the best way to obtain a low reg-
ularity result, since u and Vu are considered at the same level. To obtain the
correct result, one has to imitate the proof of the theorem for the first order
systems. We then obtain the following theorem.

Theorem For a nonlinear equation of type (b), if, for some s > 5/2,
uo(x) = u(x,0) € H®, uy(x) = Qu)(x,0) € H ',
there exists T > 0 and a unique solution to the Cauchy problem with data
(uo, uy) satisfying
u € C°(0, T1, H)N C'([0, T1, H* ™).

8.3 Blowup criteria
The question is the following:

Suppose a solution u of some quasilinear wave equation or system exists and is
smooth for ¢t < T'; what minimal condition on u would ensure that « can be
extended smoothly beyond t = T'?

This minimal condition is, in fact, a “nonblowup” criterion; the blowup criterion
is obtained by negation: Assuming that 7 is the lifespan of the smooth solution
u (that is, the maximal time during which u will be smooth), then the minimal
condition is not satisfied. For instance, for an ODE, if | X| does not go to +00
ast — T, then u can be extended beyond T'.

We now state blowup criteria for hyperbolic symmetric systems or nonlinear
wave equations considered in the previous section.

1. Hyperbolic symmetric systems
Theorem Consider a hyperbolic symmetric first order system as in section
8.2. Suppose that, for some s > (n/2) + 1, there exists a solution

U e C°(0, T[, H)N C'([0, T[, H*™").
Assume that there exists M such that, fort < T
T
UG, 0l < M, / VUG, Dllp~dt < .
Then, for some € > 0, U can be extendedfort < T + € with the same regularity.

Proof We give here a sketch of the proof, since it helps when trying to
understand other cases as well with similar proofs. The idea is to control the
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H* norm of U(-, t) uniformly for ¢ < T'. If this can be done, the local existence
theorem, applied with data given on the initial surface {t = #y} close enough to
{r = T}, will yield the desired extension of U.

Step 1 We need to establish an energy inequality for the linearized equation
S(U)o,V + ZA;(U)E)[V =F, V(x,0) = Vp(x).
To do this, we write first the differential identity
VF=13,(VSV)+ )Y 1a:(VAV)—YVGV. G=8S+ ) dA.

Integrating this identity in the strip between 0 and ¢, we get

E(t) — E(0) = /

O<s<t

'VFdxds + %f 'VGVdxds,

O<s<t

where the energy E is defined by

E@®) = %/(’VSV)(x, Hdx.

Since U is bounded and § positive definite, there exists a constant & > 0 such
that

allVC DI < E@) < a 'IVE Dl
Also, using the equation on U,
G = S'U)U + ZAﬁ(U)aiU, |Gl = C(1 + [V UJ).

Using Gronwall’s lemma, we finally obtain as usual, the energy inequality

t t
IV DIl < CllIVoll 2 +f IIF(-,S)IIdeS}eXPCf [IVxUll|L~ds.
0 0

We refer the reader to [9] for details.

Step 2 For simplicity, we assume s € N, and commute an operator 97, || < s
with the equation for U. We obtain

S(U)B,V + Z AU,V = F
with V = 9¢U and

F=—>" CEsof (5™ Ad:02~PU — S92(S™'B).
[B1=1

At this stage, we need two lemmas about the derivatives of some nonlinear
expressions.
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Lemma 1 For functions u,v € L™ N H*, and mutiindices «, B with |o| +
|B| = s, we have

1@ )@ V)lI2 < Clllul L= lllas + 0]l |l s}

Lemma 2 For any C* function F on RY with F(0) =0, and u € L*® N H°,
we have

F@)||us < Collullns,
where the constant Cy depends only on F and ||u||p~.

The proofs of these lemmas can be found in, for instance, [10], [42]. For the
first term in F, assuming, for example, 85 =9J9 j, We write

> Clsay ;57 AP, U).
Using lemma 1 for the index s — 1, we obtain the bound

HEC DIl = C+ CA+ VUG DI )IUC Ol g

Step 3 Using the energy inequality of step 1 to estimate V = 9¢'U, and sum-
ming over all |o| < s, we finally get

t
HUC, Ollas = C{C + [1Uol| s +f VUG Ole= UG, $)l|msds}.
0

Using Gronwall’s lemma once more, this gives a fixed bound on ||U(:, t)||gs
fort < T as desired. <&

2. Nonlinear wave equations By translating the blowup criterion for hyper-
bolic symmetric systems, one obtains the following criterion for nonlinear wave
equations of type (a).

Theorem A solution u of a wave equation of type (a), supposed to be smooth
fort < T, can be extended smoothly beyond T if

T
|Vul < M, f 1(V2u)(-, D)]] 1= < 0.

For wave equations of type (b), a similar proof to the one given above for
systems yields the following criterion.

Theorem A solution u of a wave equation of type (b), supposed to be smooth
fort < T, can be extended smoothly beyond T if

T
ul < M, / Vi), )]~ < 00,
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8.4 Induction on time for PDEs

For simplicity, we discuss here only C* solutions. Consider the solution of
a nonlinear wave equation with, say, C3° Cauchy data. A smooth solution u
exists locally in time. The method of induction on time requires the definition,
for T > 0, of a “minimal” property Pr of smooth solutions supposed to exist
fort < T, in such a way that:

(1) Pr implies that u can be extended smoothly to r < T + € for some € > 0;
(i1) if Pr is verified, one can, in fact, prove a stronger statement implying Pr¢
for some € > 0.

The result is that u exists for all time and satisfies Pr for all T'.
Let us consider the example of a nonlinear equation of type (a):

Out Y g% @u)@ju) = 0.
I<i,jk<3
We will prove the following large time existence result due to Klainerman [25]
(see also [24] for a more precise version).

Theorem Letug, u; € CSO(R3) and consider the Cauchy problem with small
data

Ou + Zgijk(Gku)(Z)izju) =0, u(x, 0) = eup(x), Bu)x,0) = euy(x).

There are constants €y > 0 and Cy > 0 such that, for € < €, the solution u
exists and is C* fort < exp(Cy/é€).

The essential point of the proof is to pick the correct induction hypothesis Pr.
Suppose, for some constant Cy and s big enough, we require ||u(-, )||gs < Co
for t < T. Taking into account the above theorems, this indeed guarantees
that u can be extended smoothly beyond 7. To prove that the extension also
satisfies ||u(-, t)||gs < Co with the same Cy fort < T + ¢, all we can do is use
energy inequalities to control the H® norm of u. As we saw in the proof of
the blowup criteria above, such an inequality contains the amplification factor
exp C fOT [|(V2u)(-, t)||L~dt. Hence the only possibility of getting a reasonable
bound from this energy inequality is to control this exponential factor, that is,
to obtain a decay information (if possible, integrability) on [1(V2u)(, )| Lo~
This can be done using the Klainerman inequality

(140 =03 < D 1125 0l

for v = V2u. To obtain the required L? estimates on V Z*u, we have to commute
products 7k with the equation; this, in turn, produces nonlinear terms of the
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form (0Z”u)(dZ%u). Control of these terms requires knowledge of the decay
of Z¥u. Thus our induction hypothesis on the H® norm of u will not work. We
have to make an induction hypothesis involving the Lorentz fields Z.

Proof (a) The following commutation lemma describes how products Z* of
Lorentz fields commute with the equation.

Commutation lemma There are constant coefficients g such that, forallk > 1,
the solution u satisfies the equation

PZ'u+Y 30Z'u)@*Z%u) =0, p<k—1.g<k—1,p+q =k
Here
P=0+Y" "™ @)} + Y g7 (0u)d

is the linearized operator on u, and the sum denotes symbolically sums of terms
of the form g?ﬁ‘;‘y(ay Zpu)(aozq3 Z%u), the coefficients g being, of course, different
for each such term.

We prove the lemma by induction on k. Denoting by ¢ various real constants,
we note that for all Z fields,

[0, Z] =0, [Z,8] = cd, [Z,8°] = ) cd”.
To prove the last property we write
Zoys =17, 0,105 + 0l Z, 9] + 03, Z,
and repeatedly use [Z, d] = cd. Thus, applying Z to the equation for u, we get
PZu+[Z.Olu+ Y g(1Z. 0w)@ku) + Y g7 @) Z. 83 1u = 0.,

which is the result of the lemma for k = 1.
Assuming the result for k, we prove it for k + 1, by applying Z to the
equation for Z*u. We obtain, omitting some indices for simplicity,

PZMu (2,012 + ) g(1Z. 1)@ Z u) + ) (0 Zu)(d*Z* u)
+> " e@u)(Z. 0125w+ g Z. NZ°w) @)+ | g(0Z*u)([Z, 9*]u)
+> " @Zf )@ Zw)+ Y | 312, 01ZPu) @ Z7u)+ Y FOZP T u)(0*Zu)
+> 02" w(Z. 91 Z%u) + Y §OZPu)(d* 2T u) = 0.

(b) We need an energy inequality for P. This is obtained similarly to what
was done for first order systems. Multiplying Pv by 9,v, we obtain a differential
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identity
(P)(@) = 30 [0,0)* + Y (0v)* = > " (@)@ v)(@;v)]
+ ) a1+

Here, g is a quadratic form in Vv with coefficients that are linear combina-
tions (with constant coefficients) of second order derivatives of u. Integrating
(Pv)(9,v) in the strip between 0 and T, we obtain

E(T)—-EQ0) = /

0<r<T

(Pv)(®,v)dxdt — / gdxdt,

0<t<T

where the natural energy E at time 7 is defined by

E(T)=} / @)+ Y _@v)? =Y g7 (@uan)(@v)(0;v)}(x, T)dx.
Hence we have to be careful about the smallness of Vu: there exists a constant
M, such that, if |Vu| < M,

a||(Vo)¢, Tll7. < E(T) < a”'|(Vo)¢, Tl

for some fixed « > 0. Assuming from now on that |Vu| < M,, we obtain as
usual the energy inequality

Vo, Dll2 = C{IIVV(C, 0)]] 2
+/ II(Pv)(wS)IIdeS}eXpC/ (V). 9)||~ds.
0 0

(c) We can now formulate our induction hypothesis involving the Lorentz
fields. For some constant C; to be chosen later, and some big enough even
integer N, assume

Pri(o@ =Y I0Z0)C. Dl < Cre, 1 < T},

k<N

We take k < N, and consider the equation PZ*u = F;, where F; is given by
the commutation lemma.

Lemma IfN > 6,

1Fi(, D)2 < CCre(l + 7" Y [QZ'u)C, 1)l
I<k
First, using the Klainerman inequality, we note that for/ < N — 2,

(1 +1)]0Z'u| < CZ 1Z™3Z'u||;2 < CCe.

m=<2
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Consider one term g(BZPu)(Bzun) in Fy; since p+¢qg <k < N, either p <
N/2 or g < N/2. In the first case, we can use the L*> bound on 9Z”u if
N/2 < N —2, that is, N > 4; in the second case, we can use the L*° bound
on 92Z4u if N/2+1<N —2, that is N > 6. In all cases, we obtain the
conclusion of the lemma.

(d) To use the energy inequality for the equation PZ*u = F;, we need to
estimate V Z¥u attime ¢ = 0. To do this, it is enough to remark that the equation
on u allows one to express Blzu in terms of the data ug, 1, and, more generally,
all ¢-derivatives. Hence, for some constant C,

> O ZFu)(-, 012 < Cae.
k<N

Note that the induction hypothesis implies, in particular, |du| < M for € small
enough, which we assume from now on. We can then use the energy inequality
for P to estimate d Z*u from the equation P Z¥u = F;. Summing all the terms,
we get

@(s)
1+

Using Gronwall’s lemma, we finally get, with numerical constants A, B,

t
o) < {CCQG —i—CCle/ ds}expCClelog(l +1).
0

() < ACre exp BCielog(l + 7).

We first choose C; = 2AC», and then € small enough to make sure that |Vu| <
M; finally, we take C such that, for t < T = exp(Cy/¢€),

exp BCielog(l +1) < %

These choices imply ¢(f) < %Cle. Hence the solution u can be extended as a
smooth solution satisfying Py for T = exp(Cy/€). <&

Note that in this theorem, the solution is not global, but the process of
induction on time works equally well until we reach T = exp(Cy/€). This
limitation is not an artefact of the proof. If we denote by 7, the maximal time
for which the solution u exists and is smooth for ¢ < T, (the “lifespan” of u), it
can be shown ([ 1], [2]) under reasonable generic assumptions on the data u,
that lim € log T, = [ exists when € — 0. In fact, the number /, conjectured by
Hormander [24], can be computed explicitly!
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Applications to some quasilinear
hyperbolic problems

As explained in the introduction, it is not possible here to give complete proofs
of delicate results, some of which are several hundred pages long. We just want
to point out how the methods and ideas explained in the preceding chapters enter
the proofs of these results in an essential way. In the preceding chapter, we saw
how the method of induction on time allows one to handle nonlinear problems
as if they were linear problems. All problems discussed here will be handled
in this framework. For each example below, we give a very brief sketch of the
method of proof; we explain what is the null frame or the optical functions used
in the work, how it is constructed, and why this frame is supposed to be a good
frame. The examples we have chosen to discuss do not, of course, constitute
the whole literature on the subject, but they seem representative. We have made
no attempt to quote all works related to the ones we discuss, our purpose being
only to illustrate; we hope to be forgiven for that. In the following list, to
facilitate an overview, we characterize the method in a few words only.

Example 1 Global existence for small solutions of quasilinear wave equations
—07¢+ A+ Y g7(3¢)%¢ =0

satisfying the null condition. The proof is by commuting standard Lorentz
fields to get decay estimates.

Example 2 Global existence for small solutions of quasilinear wave equations
8P (93250 = 0.

Though the first proof used modified Lorentz fields, a new simpler proof uses
only the standard Lorentz fields to get decay estimates.

Example 3 Low regularity well-posedness for quasilinear wave equations

—07¢ + A+ Y g7($)]0 = N(¢. 9¢).

88
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The proof uses the full machinery of chapter 7 to obtain decay of solutions of
some linear wave equation U, . Here, &, is a smoothed rescaled version of g.

Example4 Stability of Minkowski space-time (first version). The full machin-
ery of chapter 7 is used to prove decay for the solutions of the Bianchi equations,
a first order system on the curvature tensor R.

Example 5 The L? conjecture for Einstein equations. The machinery of
chapter 7 is used to control the geometry and the solutions of Bianchi equations
in the context of very low regularity.

Example 6 Stability of Minkowski space-time (second version). Just as in
examples 1 and 2, standard Lorentz fields are used to get decay estimates.

Example 7 Formation of black holes. The full machinery using the sphere
foliation associated to two optical functions is used.

As shown by examples 1, 2, and 6, it turns out that, surprisingly enough, for
some nonlinear perturbation problems, one can ignore the geometry of the
linearized operator and work with the standard Lorentz fields. For example 2,
and even more for example 6, this came as a surprise. This is due to the specific
nonlinear structure of the equations, and to the fact that we are dealing with
small solutions.

In constrast to these examples, examples 3, 4, 5, and 7 show that the geomet-
ric machinery explained in this book can be used in many different contexts:

(a) to prove decay estimates and global existence of solutions;
(b) to prove low regularity well-posedness, counting carefully derivatives;
(c) to prove the formation of singularities.

9.1 Quasilinear wave equations satisfying the null condition

The first pioneering works on this subject are due to Christodoulou [14] and
Klainerman [26]. Consider the Cauchy problem with small data for a quasilinear
wave equation

B¢ —Ap+ > g7(0¢)di¢ =0, p(x.0) = edo(x). (d$)(x.0) = €y (x).
1<i,j<3
We assume ¢; € C3° (i = 1,2); for simplicity (cubic terms playing no role),

we take

g@p)= > g og.

1<k<3
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We restrict ourselves to nonlinear terms involving only tangential derivatives.
This is only for simplicity, and has no special meaning.

1. The null condition Consider asetg = (g"‘ﬂ)’) 0 < a, B,y <3)ofconstant
real coefficients.

Definition The ser g is said to satisfy the null condition if, for all £ € R* with
=& +&+E

we have g“ﬂyéaéﬂéy =0.
The equation is said to satisfy the null condition if, for all £ € R3,

g7*&EE = 0.

The null condition can be interpreted by saying that the function u = r — ¢ is
closer to being an optical function than it would be in the general case of a
quasilinear wave equation. In fact,

(Vu, Vu) = g7 (3p)wiw; = g7 wiw;(3p) = g7 w0 (0 — wid, @)
= 0@7"1Z¢)).

This suggests that we can work with the standard null frame of the Minkowski
metric, as will be seen later in the proof of the main result.

On the other hand, the null condition indicates cancellations in the nonlinear
terms, when evaluated on a free solution. In fact, if ¢ = r'For —t, o, r’l) 1S
a solution of (¢ = 0 (see [9], [24]), then (witho =r — 1)

g (9, ) (055¢) = r [ wawpw, (0 F)(@; F) + O(r—) = 0 ™).
We explain now two basic facts about the null condition.

a. Null condition and Lorentz fields
Estimation lemma If g satisfies the null condition, we have for any two smooth

functions ¢,
1877 (0, 0)(0s )| < C(L+ )" (1Z110°Y | + 10911 Z0r ).

Proof (a) Set
xi
Ty = 0y + w0, w; = —, wy = —1,
r

so that T, = 0. We write

T, =t (H; — x'8,) + ;9 =t '[H; — wi(r — 1)3,].



9.1 Quasilinear wave equations satisfying the null condition 91

Modulo T7;, all spatial derivatives can be replaced by ¢ derivatives:

O =T, — w0, 0 = T;0; — i Tj 0 + wi;9; .

Hence, modulo 7;,
g7 (3,0)(0p V) = =8P wawpw, ()37 Y) = 0,

sincewj =1 =Y w?’

(b) From the identities

R
t L=S H;, (t —r)L =35 — H;, — =t"'o A H,

(t+rL=S+> wH, (t—rL D wiH;, — ®

we obtain the inequality (see also [9])

r—t|Vgl < C Y |1Z*¢|.

k<1

In particular, we also have

IT¢l <CU+n7" > |1Z"].

k<1
Repeatedly using this inequality to bound the terms
8P (T, $)O35W), Tudpr, T,
we obtain the result. &

b. Null condition and commutators
Commutation lemma If g satisfies the null condition, we have for any Lorentz
field Z

ZL8* (3,9)0559)] = 8“7 (B, Z§) D) + 87 (8, p) 55 Z )
+87 (8,9)B35 ),

where the new sum with constant coefficients § = (§*f7) satisfies again the
null condition.

Proof To the coefficients g*#7 we associate the function p(§) = g*v&,£4€, .
The null condition is satisfied if and only if p is identically zero on the cone
€2 = > &7. On the other hand,

2P (0,u)(935v) = g7 (1Z, 9, 1u)(9gpv) + 77 By u)(Z, 334 1v).

Recall the expression of the Poisson bracket of two functions f(x, &) and

g(x, &)
{f. 8} = (0 f)(0:8) — (0x f)(0:8).
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Let z denote the symbol of the field Z, that is, for instance, z = x*&, for Z = S,
orz= xOS,- + x'&y for Z = Hj, etc. Since [Z, ] has symbol —0d,z = {z, &},
we see that the symbol p associated with the coefficients g is just {z, p}. Since
p = 0 on the cone Eg => §i2, ¢ p is colinear to (&1, &, &3, —&). This implies
that p also vanishes on the cone. In fact, for Z = S, {z, p} =& - (3 p) = 0;
for Z = R, for instance, {z, p} = &3(0g, p) — &2(0s,p) = 0; for Z = H; for
instance, {z, p} = £1(3g, p) = &0, p) = . o

2. Energy inequality Exactly as in the proof of the large time existence in
section 8.4, in order to control terms like Z*¢, we need an energy inequality
for the linearized operator

P =0+ g™ @)} + > g7 0})0.

Suppose now that ¢ behaves roughly like a free solution of [J. The null condition
implies then a remarkable energy inequality for P.

Lemma (energy inequality) Suppose the null condition on (g'/*) is satisfied.
Assume, for some constant C,

Y N@Z* ), Dl < Coe, t < T.
k<3

Then, for n > 0 small enough, the following energy inequality for P holds for
t<T:

l—

VI Dz + {fo (r—s)'7" Z(Ew)zdxds}

<5<t ,
<C, (l|vw(~,0)||u +/0 ||<Pw)<~,s)||des) e,

The remarkable fact here is that there is almost no amplification factor in this
inequality, despite the variable coefficients of P (compare with the inequalities
obtained in chapter 8). This inequality is very similar to that we proved in
section 5.3. In fact, the proof employs the “ghost weight” technique of section
5.3, using the approximate optical function u = ¢ — r. Instead of verifying the
“good multiplier condition,” we give here a direct and elementary proof of the
inequality.

Proof (a) With a = a(t — r) to be chosen, we first establish the differential
identity

e“(PY) @) = 30, {e“ 10, ¥)* + D (@) = Y g7 @)@y )0, 9)])
+Y -1+,
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where g = ¢1 — (¢’ /2)q», and
==Y g @d) @) + Y g7 OF )Y@ )
+13 " g @3 )@Y )0).
B =) (Y)Y =D "M @) v)0;9) —2 ) g7 ()i (9,9 (D).
This is done as usual:
e (7Y@, W) = 59,(e°(0)) — 5a’e (),
(7Y )Op) = —50,(e“(0y)) + 9 (- - -) + € [wi (BB, W) + 3B )].
This gives first
COY)@Y) = 33,10V + Y @Y1+ a4l 1= 3d'e® Y (L)
For the additional terms in P, we have similarly
e (PO ) = 3 (--+) — e (93)(@; ¥ )0 )
— e () ¥)DZY) + a0 (Bep) (B, Y )(D,¥).
Now
(%)@, ¥)(05 %) = B, [e“ (D)3 ¥)(D,;9)] — e (O )( iV )(3;%)
— " (P) (D)D) — €“d' Oep)(D )3 9),

so that summing in i, j gives us twice the desired term.
(b) We now choose a’(s) = —A(s)’l’77 for some small n > 0 and some
large A. We claim then the inequality

+00
¢z a0V, [ s = CCoe
0
To prove this claim, we first handle the terms ¢ in ¢ not containing a’. We have
=Y g@ )T V)OVY) + @) Br,
=y g‘f"w,(a $) =D ¢ (@) + 5 ) 8 wiw;(034).
If we replace 9; by —w; 9, in the expression for B, the resulting expression is
(3,2¢)[Z g wiwjwp — Zgijkwiijk -1 Zg”kw wjwr] = 0.

Hence |8, < C|T d¢|. Using the assumption of the lemma and the Klainerman
inequality, we get

Y 1Z*9¢l < CCoe(1 +1)7
k<l
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Since we saw in the proof of the estimation lemma that |7d¢| < C(1 +
1)~'Z3¢|, we obtain | ;| < CCoe(1 + £)2.
On the other hand, since

0°¢] < Cr —1)7' Y 1240¢] < CCoelr — 1) '+ )7,
k<1

we have
|g(*@)TY)@Y)| < C(r — 1) "UT Y)Y + Cir — 1) T1(3°¢)*(0y)’
< Clr—0)7"UTY ) + CCR(1 + 072V

Summarizing, we have

g1 = —=C(r —1)""NTY P = CCoe(l + 1) VY|
We handle the terms in g, similarly:

g2 =Y (LYY + Y g@)TY)@Y) + (3)Ba.

Br=2) g @pwiw; — Y g/ (dploiw;.
Since |T¢| < C(1 +1)"1Zp| < CCoelr — 1)2(1 + 1)~2, we get again
|d||B2] < CCoe(141)72.
On the other hand, with arbitrarily small n; > 0,
1gOSNTYIOY)| < m(TY)’ + CCe* (1 + 1) (@Y).

Hence
a a 2 -2 2
Sz —3(1 —nITY|" — CCoe(1 + )7 | VY|,

(c) To finish the proof, we take A big enough, and use Gronwall’s lemma
which gives the amplification

"o ds
CcC — < CCoe.
exp 06/0 Trs)y = exp CCoe <&

3. Global existence We have now the tools to prove the following global
existence result due to Christodoulou [14] and Klainerman [26].

Theorem Suppose the nonlinear wave equation satisfies the null condition.
Then, for all N, there exist Cy > 0, ey > such that, for € < ey, the Cauchy
problem admits a unique global C* solution ¢ satisfying

Y IVZE)C, Dl < Cre.

k<N
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Proof We proceed by induction on time. Set for convenience
Evi =13 [ 0Z'0)x. nax.
k<N
Our induction hypothesis is:

Induction hypothesis Pr Assume that the solution ¢ exists for0 <t < T and
satisfies there, for some big Cy and N to be chosen later,

En(t) < Cle?.
Using the Klainerman inequality, the induction hypothesis implies
12910, 1) < CCoe(l+ 1) r —1) 2, I < N =2,

The idea now is to commute with the equation products Z' of standard Lorentz
fields (I < N). Defining the linearized operator P by

P =0+ g 093] + 8707 ¢k

and repeatedly using the algebraic lemma above about the null condition and
commutators, we obtain an equation

PZ'¢= > hV(3,27¢)02,2°¢) = H,
ptqsi—1

where, for each (p, ¢) and all £ € R* satisfying 502 => 5,2,

>N bubpty = 0.
If N >3, then ({ —1)/2 < N — 2, and we can use the induction hypothesis

and the estimation lemma to bound the factor in H containing fewer Z-fields
than the other, thus obtaining, for some integrable A (¢),

400
|H| < Ceh(t)z |0ZP¢|, f h(t)dt < CC.
p=l 0
Using the energy inequality for P, we finally obtain the estimate
En(t) < C1En(0)e““,

where C| is independent of Cy.
To finish the proof, it is enough to choose first C; = 2C| Ey(0)/€?, then €
small enough to obtain

En(1) < 3C3€%.

This shows that the solution ¢ is global. <
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The heuristic of this proof is this: the solution being small, of order ¢, the
nonlinear terms are negligible for a long time (in fact, a time of order exp(1/¢)),
hence the solution essentially behaves like a free solution. Because of the null
condition, the nonlinear terms evaluated on this free solution are too weak to
modify the behavior of the solution at any later time. So the solution is global
as if we were dealing with a linear equation. One should be careful, however,
that this heuristic does not yield global solutions in space dimension 2, due to
a weaker decay rate of the free solutions. One can consult [2] for a complete
analysis of this case. Note, however, that the proof given here works equally
well in space dimension 2, which is not the case with proofs based on conformal
energy inequalities.

9.2 Quasilinear wave equations

We consider the Cauchy problem for the quasilinear wave equation
g ($)ogsp = 0, ¢(x, 0) = ego(x), (3,h)(x. 0) = €¢by(x).
The coefficients g"‘ﬂ (s) are given C* functions of one real variable s, with
g*?(0) = m*,

m being here the Minkowsksi metric, that is, m®? 802(/3 = —97 + A,. The data
¢o, ¢ are fixed functions in C§°. The general result is the following.

Theorem ([3], [39]) There exists €y > 0 such that, if € < €, there is a global
C smooth solution to the Cauchy problem.

Note that it makes a big difference whether the coefficients g depend on ¢ or,
as in the preceding example, on V¢; for instance, consider the model equation

—37¢ + *@0,:)Ap = 0.

Taking the 7-derivative and setting ¢ = 9,¢, we get

—02Y + AW)AY = —2%(w><a,w>2.

In other words, the left-hand side of the equation is of the form considered
in this section, but there is a source term in the right-hand side, which makes
even the small solutions blowup in finite time (see [1]). Einstein equations in
“harmonic coordinates” are a system of such equations, for which the source
terms display some sort of a null condition. We will discuss this later in this
chapter.
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The theorem was first proved in [3] in the special case
—97¢ +(@)Ap =0,

using modified Lorentz fields. However, Lindblad [39] has given a simpler
proof, the geometrical aspects of which we discuss now. The starting point of
the proof of [39] is the following bet, which is far from being obvious:

One can use the standard Lorentz fields Z and commute them with the equation.

Assuming this is true, it means that the good derivatives of ¢ will be the standard
ones Lo = 9,¢ + 9,9, (R/r)¢, as explained in section 5.1. This example shows
that, for a given problem, it is not clear beforehand how to choose the geometry
of the relevant fields.

The proof is by induction on time. Following [39], we formulate the induc-
tion hypothesis as

Ex(t)=13 Z/ 1(0Z%p)(x, )|>dx < 16Ne*(1 +1)°
k<N

for some 0 < § < 1.

1. Decomposition of [J One proceeds to express the linear operator [] =
g“P 8§ﬁ using the standard derivatives L, L, R/r. One should be careful that we
do not consider the metric g, (inverse matrix of g%?), but consider g just as
a symmetric 2-tensor on the background manifold R* with the flat Minkowski
metric m. In particular, we define

8ap = maa’mﬂﬁ’ga/ﬂ/ .

To express g*¥ and [J in terms of the fields L, L, e,, we compute the double
trace

g% = m™ mPP g
in the standard null frame (e}, e;, L, L). We thus get
g = jgLemimy + jgrmimy + jgromimy +mimy)
— §8ar(mim +mgmi) — 3gra(miml] +mmy) + gapm*“m?.

Since, for any field X, m$ = X, we obtain

O = JgrLLP0%, + 1811 LY LP 02, — gar L% el 925 + yF 825,
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with
v P92 = —gaL L2, + oL  LYLP 0%, + gapelel 0.

In other words, y*# 30%5 is the part of [J which is expressed with two good
derivatives. Setting

Ly=—-3gr L — 3811l + garea
we obtain

O=—L{LPa5, +y* o5,

2. A modified optical function
a. After some rough estimates, it turns out that one can discard a part of L;
and define

Ly=L— gL

as a substitute for the standard L in the transport equations. One also introduces,
as a substitute for the optical function u = r — ¢, the modified optical function
p defined by

Ir—t|>1t/2= px,t) =r —t, [r—t| <t/2= Lyp = 0.

Introducing the coordinates ¢ = r — t, p = r + t, the key step of the proof is
to obtain, by integration along L,, for some 0 < v < 1, the estimates

Vol < Ce(1+ )" (1 +[pD7", V2] < Ce(L+ )"+ o) V19,01

Note that these estimates are similar in form to what would follow from the
Klainerman inequality, p replacing » — ¢. The point here is that V2¢ behaves
almost like a free solution.

b. Once these estimates are obtained, the rest of the proof is by commut-
ing products Z* to the equation, a procedure which requires serveral delicate
arguments. As a result, one obtains, for some constant C,

En(t) < 8Ne*(1 +1)° .

Taking Cey < § finishes the proof by induction.

One may wonder whether the energy Ey actually grows with ¢ or if this
is just an artefact of the proof. We believe, by analogy with similar problems
where such a growth has been proved, that this is a true phenomenon.
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9.3 Low regularity well-posedness for quasilinear
wave equations

Now we discuss the work of Klainerman and Rodnianski [31], which we used
in chapter 7. The problem is the well-posedness of the (local) Cauchy problem
with nonsmooth data

—97v + g7 ()3 v = N(v, 9v), v(x, 0) = vo(x), (B,v)(x,0) = v;(x).

We assume (v, v;) € H* x H*™!, and N quadratic in dv. The result of [31]
(under some technical assumptions that we skip) is the following.

Theorem The Cauchy problem has a unique local solution for s > s. =
24 505
>

Let us recall that standard methods give the well-posedness of this Cauchy
problem for s > % (see [42] for instance), and that %? ~ 0.13. Though better
results have been proved on this problem ([35], [45]), we discuss [31] as an
instructive example. In contrast with the first two examples above, this is an
example where one does not use the standard Lorentz fields Z, but develops
the specific geometry of the problem.

1. Some words about the Littlewood—Paley theory To understand the context
of the proof of the theorem, one has to know some definitions and ideas from
the Littlewood—Paley theory (see [10] for details).

Let ¢ € Cg°(R™), ¥(§) = 1 for |§] < % Y(&) =0for|&] > 1. Set

£

pE) =y <§> —¥(é),

so that ¥ is supported in a ball while ¢ is supported in the shell % <|&| <2.
Moreover, for all &,

L=y@E) + ) Q2 7e).
p=0
We have constructed a dyadic partition of unity (in which there are at most two
nonzero terms). For any v € §’'(R"), we set

v_i = Sov = Y(D)v, v, = $p(27 " D)v,

where the notation w = ¥ (D)v means for the Fourier transforms @(§) =
Y (£)0(§). In this way, we decompose v into

v:S()U+va= Z Up,

p=0 p=>—1
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each term having its Fourier transform compactly supported. Each term is, of
course, a C* function, and the regularity of v is read from the decay properties
of the v,.

In particular, a smoothing operator is defined by

S,(Dw=">" v,

—l=gq=p-1
This is nothing other than the Fourier truncation by ¥ (277§).

2. The Strichartz inequality
Theorem Let (p, q) be such that

1 3 1
p>2, —+—==.
p q 2
There exists a constant C > 0 such that, for all T > 0, all
v € H'(RY), vy € LARY), f e L'([0, T], L*(RY)),
the solution v of the Cauchy problem
Uv = f, v(x, 0) = vo(x), (3;v)(x, 0) = vi(x)

satisfies the inequality

T
[IlLrqo, 11, Lew3y) < C {HVU0||L2(R3) + llvill w3 +/ £, l)||L2(R3)dl} .
0

We do not want to prove this estimate completely here. We point out, however,
that it is a consequence, using standard procedures (see [28] for instance), of
the following decay inequality.

Lemma Let v be the solution of the Cauchy problem
Uv =0, v(x, 0) = vo(x), (8,v)(x, 0) = vi(x),

where vy and v, are assumed to have their Fourier transforms supported in a
shell % < |&| < 2. Then

(-, Ollz= < Ct 1 (VoI + Vi ]]10).

Note that the presence of derivatives of vy and v; is irrelevant in the inequality,
because of the assumption on 9;; however, they make the inequality scale
invariant, meaning that it does not change if we replace v by vy:

v (x, t) = v(Ax, At).

Hence, to prove the Strichartz inequality, we can use the Klainerman inequality
to prove the required decay estimate above.
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3. Decay estimate and Lorentz fields Let us sketch the proof of the above
decay lemma. We can assume v; = 0. Let us cover R? by a union of discs D;
centered at the point / € Z? such that each D; intersects at most a fixed finite
number of discs D ;. Consider a C* partition of unity y; supported in D;. We
can arrange

DIVl ¢y

1€Z3

Now, we localize the data vo, vo = Y v(l), v? = X1V, and consider the func-
tion v; solution of the wave equation with data (v(,), 0). Of course, v = Y v;.
Suppose that we have, for each I,

IVosl(x. 1) < CA+ D7D |V
j<5
Summing over /, we obtain as desired

Vol < CA+ 07wl Y IV xille < €457 vl

J<5

Here, we have used the fact that ||V/vg||z1 < C||vo||z1.
To prove the inequality on vy, it is enough to do it for one of them, say
I = 0. Then the Klainerman inequality and the energy inequality give us

Vo, 1) < CA+ 07" Y I(VZ )G 0l
k<2

< CA+07" Y NV Zru)(, 0.
k<2

Since v(; is supported in a fixed ball,

D NV ZR 0,0l < €Y 1IVR] e
k=2 k<3
From the Sobolev inequality

il <€ N1/ wllp,
Jj=2

we finally get
IVosl(x, 1) < CA+ D7D |V
j=<5

This approach of the Strichartz inequality is likely also to work for variable
coefficient wave equations.
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4. Sketch of the proof of the well-posedness theorem The first step of the
proof, which is due to Bahouri and Chemin [11], [12], is essentially to reduce
the problem to proving a Strichartz estimate for some variable coefficient
wave equation. This linear wave equation is associated to a (split) metric #;,
depending on some parameter A, which is a smoothed rescaled version of
the original metric g. The precise behavior (with respect to A) of h; and its
derivatives reflects the smoothness assumptions on g.

In the original paper [11], the Strichartz estimate was proved using para-
metrices; in the “vector field approach ” of [28], the Strichartz estimate follows
from a decay inequality which is obtained in a way analogous to what we have
done in the simple case of [ above.

The strategy of [31] is as follows. First, the authors define a “canonical”
optical function u as being 7 on the 7-axis and “having forward light cones
with vertices on the time axis” as level surfaces. This refers to the construction
explained in section 3.3. There seems to be no special reason for this choice,
except its natural character; the normalization on the time axis reflects the will
of imitating the flat case. Then, the full machinery of chapter 7 is developed,
along with the use of conformal inequalities as described in chapter 4. We refer
to [31] for the actual implementation of these techniques.

9.4 Stability of Minkowski spacetime (first version)

We refer here to the book by Klainerman and Nicold The Evolution Problem in
General Relativity [29], the previous book by Christodoulou and Klainerman
[18] being more difficult to access. The goal is to solve the Einstein equations
with initial data close to the flat Minkowski metric. More precisely, we look
for a metric g, close to the Minkowski metric, for which the Ricci tensor R is
identically zero (these are the simplest Einstein vacuum equations), and which
extends for all # the Cauchy data given on {r = 0} (in a sense which has to be
made precise).

There are many ideas in this long work, but two of them seem especially
relevant in the context of this book:

(i) The authors never use the time variable. In the proof, they construct two
optical functions u and u (substitutes for the usualu =t —r andu =r +t
of the flat case), and use the frame associated to these two functions.

(i1) The authors do not deal with the wave equation U, but with the Bianchi
equations.
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We postponed the discussion of this case until now because of its complexity,
though it presents some features analogous to the case of Maxwell equations.

1. Bianchi equations and energy inequalities The Bianchi equations (or
second Bianchi identity) are first order equations on the curvature tensor R

The bracket here means that we take the sum for the circular permutation of the
indices. The idea is, of course, that these equations directly control the second
order derivatives of g through R. One then has a better chance to recover an
induction hypothesis on g without losing derivatives. The drawback is that
these equations are more difficult to handle than a wave equation, or even the
Maxwell system. The general character of this strategy, which Christodoulou
calls the “first method,” is sketched in the prolog of [16].

a. If the metric g satisfies the vacuum Einstein equations R, = 0, the curva-
ture tensor R is traceless, by definition. Since we want to handle the Bianchi
equations by the method of energy inequalities and commuting fields, we have
to define a concept containing the curvature tensor R and some of its Lie deriva-
tives. Hence, generally, we define a Weyl field as a traceless 4-tensor W, that
is, satisfying

8" Wepys =0

with the symmetries of the curvature tensor
Wasys = —Wgays = —Wagsy = Wysag,
Wagys + Waysg + Wasp, = 0.

The tensor W is said to satisfy the Bianchi equations if

Dy Wysiap = 0.
b. Just as we did for Maxwell equations, one can define a dual tensor *W by

*Wapys = s€apun W's.

Here € is the volume form, and *(xW) = —W as in the case of Maxwell
equations. As in chapter 4, there exists an energy machinery to prove energy
inequalities for the Bianchi equations that we explain here without proof. We
define the energy—momentum tensor (called here the Bel-Robinson tensor):

Qaﬁyé = Wapycr Wﬂpg + *W[)[pyg * Wﬁpad.
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If W is a Weyl field satisfying the Bianchi equations, then

D* Qaﬂy& =0.

This is, of course, similar to the formula proved in chapter 4. Moreover, Q has
the positivity property: if X, Y, Z, T are nonspacelike future oriented fields,

0X,Y,Z,T)=>0.
To prove an energy inequality, one chooses three multipliers X, Y, Z and sets
Py = Qupys XPYV Z°.
For a solution W of the Bianchi equations, we have then
div P = 1 Qup,s[XnPyr Z° + D XP 7?4 D xFyr].

This is the analog of the key formula of section 4.3. We see that we now have the
choice of three multipliers, which gives a lot of flexibility. In [29], many choices
appear in which the multipliers are picked from the fields Ty = %(L + L)
(standard choice), Ko = §(u’L + u*L) (conformal choice), L, or L.

2.Induction We first have to notice that the authors do not proceed by induction
on time, since there is no time! To describe the induction process used in [29],
let us assume that we are dealing with the two standard optical functions
u =r —t, u =t r.Consider the exterior region

Ext ={(x,1t), u(x,t) > M}.

This exterior region is foliated by the level surfaces of u. The induction is on
u: assuming some induction hypothesis P,o in the region Exz N {u < u°}, one
proves that the solution extends to the bigger region Ext N {u < u® + €} and
satisfies P,o there. Note that the extension of the solution is done across the
characteristic surface {# = u°}. This description, of course, has to be adapted
to the actual optical functions which we now describe.

3. Optical functions Consider a bounded region K of spacetime whose bound-
ary is formed by

(i) a portion of the spacelike initial hypersurface X,
(ii) a portion of the null outgoing hypersurface Cy,
(iii) a portion of the null incoming hypersurface C,.

We want to construct two optical functions # and u such that Cj is contained in
a level set of u, and C_ is contained in a level set of u. In fact, in the approach
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of [29], the authors proceed by induction on the “last slice” C,, instead of
proceeding by induction on time as in example 9.1 for instance.

a. To construct u, we prescribe it as w on the initial hypersurface Xj. The
function w is chosen so that its level sets form a sphere foliation of X, with
properties that we explain now. The natural frame associated with such a
foliation is (N, e,), where

N = |Vw| 'Vw

is the unit vector normal to the leaves of the foliation, and (e, ) form an orthonor-
mal basis of the two-dimensional leaves. If & denotes the second form of the
foliation (in %), one can establish the equation (we keep the notation of [29]
for convenience)

N(tr6) + 5(tr6)’ = —(Kloga + p) + [—|¥ logal® — |0” + g(k)],
where

a=|Vw|™, p=—1Rs. gk)=kiy + > _ lknal.

Here, X and ¥ refer to the induced connexion on the sphere foliation, and the
frame implicitly used in the notation R334 iS

e3=N —Ty, es =N + Ty,

where Ty is a unit vector orthogonal to Xy. In order to save derivatives of 9,
we want w to be constant on the trace of C, on X, and a to satisfy the elliptic
equation on the leaves:

Aloga = —(p — p), loga = 0,

where the overbar denotes the mean value on the leaves. The existence of such
a function w, of course, requires a proof, and we refer the reader to [29] for
details. The point we want to make here is that u is constructed in a very careful
way, in accordance with smoothness requirements.

b. The optical function u is the outgoing solution of the eikonal equation with
initial condition u = u, on the last slice C. The function u, is the solution of
a highly nontrivial system which we do not discuss here.

The careful construction of both optical functions «# and u and their associ-
ated frame makes it possible to obtain specific decay properties for the various
components of R on this frame. These are called “peeling properties” (see [30]).

4. Commutations In [29], the authors also need to commute vector fields with
the Bianchi equations. We already know from the case of Maxwell equations
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that the good way to do this is to consider Lx W. There is, however, some
technical difficulty: namely, this Lie derivative of W is no longer a Weyl field!
This forces us to define a modified Lie derivative £ x W, which is Lx W plus
some linear combination of components of W. We will not go any further in
this direction, and refer the reader to [29]. What are the modified Lorentz fields
that nearly commute with the Bianchi equations? They are constructed from
the sphere foliation as explained in section 6.3.

9.5 L? conjecture on the curvature
We refer the reader here to two series of works:

(1) the papers [33], [35], [36], where the local well-posedness of the vacuum
Einstein equations is proved with an initial curvature in H*°,

(ii) the papers[32],[34], [37] starting the proof of the same result with curvature
only in L2,

The general framework is very similar to that of the example 9.4. The challenge
is to control the geometry of null geodesic cones, and of the associated optical
functions and frames, using only L? bounds on some components of the curva-
ture. The control of this geometry will allow us to use the machinery of chapter
7 to obtain estimates of the curvature via the Bianchi equations, as explained
in the preceding section. We sketch here the issue of the boundedness of tr x,
the importance of which we first explain.

1. tr x and the geometry Let u be a given optical function. Let Sy be a fixed
“2-sphere” in an initial spacelike hypersurface Xj. Let u be constant on Sy
and consider the hypersurface H which is the union of the integral curves
of L = —Vu starting from Sp. Then u is constant on H, and H is a null
hypersurface. Let s be the function on H defined by

Ls=1,me Sy= s(m)=0.

The image of Sy by the flow of L at time sy is the level surface Sy, of s, and
the “2-spheres” S; form a foliation, called the “geodesic foliation” of H. The
null frame on H we are working with is associated to this sphere foliation as
explained in chapter 2.

We pick up on Sy coordinates w = (', *) and define coordinates on H
following the trajectories of L; more precisely, if m is the image of the point
of Sy of coordinates w by the flow of L at time s, the coordinates of m are
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(s, w). The importance of tr x with respect to the foliation S; is displayed in
the following theorem.

Theorem Let dA; be the area element on Sy, and |Sg| = fs. dAg be the area
of Ss. Then
d
Zsisi = [ @nda.
dS S5
Proof We first prove that, with the coordinates we introduced on H,
as(gab) = 2Xab~
This is due to the fact that L = 0,:
L(04, 0p) = (D04, 0p) + (04, Dr0p)
= (DaLs ab) + (aas DbL) = 2Xab’
since [L, 9,] = 0. Denoting by y the restriction of g to the spheres, this implies
1 1
os(ly12) = lyl2tr x.

Now
15,] = / ylde'do?,

(d/ds)|S| =/zrx|y|%dw1dw2 =f tr xd As;. &

s

2. Control of x and curvature
a. Define some components of the curvature tensor R by

1
Ba = Rrarr, p = zRrrLr, 0 =*Rpppp.

Assume that these components are bounded in L>(H) by R,. We want to use
the machinery of chapter 7 to obtain a bound for tr x in L, carefully counting
derivatives.

To do this, we come back to the transport equation for tr x, which is here,
since the Ricci tensor is zero,

L(tr ) + 3(tr x)* = —|z]%.

To obtain a L™ control of tr y, we need to control fr |%]? on each of the
geodesics I" which foliate H. We turn then to the Codazzi equation on J,
which is here

divg=—-B+5vuex+---,
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where the dots denote terms which cause no problems. Denoting by D! the
pseudodifferential operator of order —1 which solves the elliptic system on ¥,
we have to bound

I =/|D—‘f3|2, Iz=/|D—1 wtr x .
I r

b. The bound on B implies that D~! 8 is bounded in H*(H) for s = 1, and we
cannot consider its trace on the curve I" of codimension 2, since this would
require s > % = 1. In a way which is analogous to what was done with the
special component Ry4 in section 7.3, we investigate now the special structure
of B. To do this, we write the Bianchi equations in our frame, and obtain

divB=Dip+---,curlB=—-Djo+---,

where as usual the dots represent harmless terms. In short, we write the solution
of this elliptic system 8 = D~ Y(L(p), L(¢)), thus obtaining

D'B=V,0+---, Q=D7p,0).

The integral I; is bounded by || Q|r| |12L11, which is itself bounded by

10121, < ClI(0. )22y < CRE.

c. To bound ||tr x ||~ using the transport equation, we also have to bound I,
with this same norm. The difficulty here is that D! ¥ is a zero order pseudod-
ifferential operator on the spheres, which does not act on L*. This forces the
authors to work in Besov spaces, and to construct a Littlewood—Paley theory
adapted to low regularity submanifolds. This leads to considerable develop-
ments which are beyond the scope of this introduction. A related approach
that is still being devoloped, based on a Lax type parametrix construction, was
discussed by Szeftel in his Cours Peccot at the College de France (2007).

9.6 Stability of Minkowski spacetime (second version)

For quite a long time, it was believed that working in harmonic coordinates for
the Einstein equations could only lead to local (in time) existence results, see,
for instance, the work of Choquet-Bruhat [13]. To prove global results the idea
was then to avoid coordinates altogether, as was the case for the first version of
the proof mentioned in section 9.4. In this second version [41], however, just
as in the section 9.2, it turns out that one can use the standard Lorentz fields to
handle the problem of small solutions.
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1. Harmonic coordinates Let us explain first the use of “harmonic coordi-
nates.” When we use harmonic coordinates we are working on R* with coor-
dinates x*, each one of them being a solution of the wave equation Lo x* = 0.
From the formula for [ in section 3.3.2, this means, for each w,

B"‘ga# = %g“ﬁaﬂgaﬂ.
It also means that the lower order terms in [] are identically zero:
0= g% agﬂ.
If we take the v derivative of the formula 9%g,,, = %g“/’ 0,.8ap, WE get

8aavgap. = %gaﬂaivgaﬁ + G,

where g,,, is a quadratic expression in the first order derivatives of g:
v = 3008 8ap — (3,80 8a-
Exchanging  and v and summing, we obtain
8a8vgom + aaaugav - gaﬁaiygaﬂ =4uv + Qvp-

Using the explicit formula from section 7.1 for the Ricci tensor, we observe
that, in harmonic coordinates, the first three terms are the same as the left-hand
side of the equality above. Hence the vacuum Einstein equations can be written

Dg/w = F/u)(g)(ags 8g)7

for some appropriate expressions F),,, quadratic in dg. This is the only known
way to display the hyperbolic character of Einstein equations.

Besides reducing Einstein equations to a hyperbolic system, the point of
harmonic coordinates is this: suppose g satisfies the system

800,80 = Fu(g)(dg. 9g)

with initial values (g, 9,g) = (8o, g1) on {t = 0} satisfying the harmonic coor-
dinates relations; then the harmonic coordinates relations are true for all t,
and g is, in fact, a solution of Einstein equations.

We refer the reader to [29] for a proof of this well-known fact.

2. Good derivatives and good components

a. From the form of the Einsten equations obtained in 1., we see that we have to
work with a diagonal (in its principal part) system of wave equations, coupled
with the first order conditions of harmonic coordinates. In the scalar case in
section 9.2, we concentrated on the good derivatives of the solution ¢; since
we work here with a system on the tensor g, we will concentrate not only on
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the good derivatives of single components g,g, but also on derivatives of good
components of g. The harmonic coordinates relation provides precisely a link
between good derivatives and good components of the metric. With the notation
of [41], let T be one good derivative L, e}, e;. Defining the perturbation /. of
the Minkowski metric by g*# = m® + h*# we have

T 9%hg, = T(h%) + O(hdh).

On the left-hand side, we have for fixed @, modulo O(hdh) terms, the trace of
the tensor

(X,Y)— Dxh(Y,9,).
In the null frame (ey, e,, L, L), this trace is
Duh(eq, 8,) — 3D h(L, 3,) — 1D h(L, 3),).
This implies the relation
[(0h)rr| < |Th| + O(hdh).

In words this can be expressed: the good component LT of any derivative of &
is controlled, modulo harmless terms, by all components of a good derivative
of h. This is the “duality” specific of this system.

b. As in section 9.2, we start with the induction hypothesis
1
Ex(h=5) / @Z* ¢)(x, NPdx < 64> (1 + 1)
k<N

for some 0 < § < 1. The above estimate and other similar estimates following
the same duality principle and using the harmonic coordinates condition give,
for some y > 0,

|(ah)LT| + |(aZh)LL| < Ce(l +t+ r)—1—2y7
\hor| + (Zh)pr| < Ce(l 4+t +r) "' r —1).
3. Improved standard energy inequality In [41], the authors establish the

following improved energy inequality, which is very close to the one in
section 5.3.

Theorem Assume that the metric g satisfies the decay estimates
(r =)ol + 1@l +1Th < Ce(l+1)7",
(r— 1)k + 8] < Ce(1+ 1) 2 ((r — 1) 277,
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Then, forany 0 < y < %, there exists €y > 0 such that, for € < €,

Es(T) + %y/ (r—n)~17% Z |T > dxdt

0<t<T

< 8E4(0) + Ce /

0<t<T

(40709 *dxdt + 16/ |08, |dxdt.

0<t<T

Note that this inequality gives the classical improved energy inequality with an
amplification factor (1 4 #)¢¢. The estimates already proved on k fit with the
assumptions of the theorem, and this is one of the keys to the proof.

4. The source terms and the weak null condition

a. Asymptotic analysis Let us consider again the Cauchy problem with small
data for a general quasilinear wave equation

O+ > 877 (3,9)(825¢) = 0, p(x, 0) = eo(x), dp(x, 0) = ey (x).

For ¢ not too large, ¢ is small and the quadratic terms are negligible, so that ¢
behaves essentially like € times ¢!, the solution of the Cauchy problem

O =0, ¢'(x,0) = go(x). @¢")(x, 0) = p(x).
To make this intuition more precise, formally let
p=cp' +ep7 4.
We find that
0¢% + ) 8“7 (3,0 )(030") = 0.
We know that (witho =r — 1)

o' =r'Flr—t,0,r ) =r""Fj(r —t,0) + 0Gr™?),
Fy(o,w) = F'(0, ®,0)

for some C™ function F! (see [9], [24] for details). The nonlinear terms in ¢'
in the above equation are

r28(@)(3, FO)2F)) + 007, g(@) = Y g wywpe,.
We deduce from this that ¢> ~ (glogt/4r)(0s FO1 )2, so that
¢ =er\[F + %(e log 1), F ) + -+ 1.

Hence the effect of the nonlinear terms of the equation is felt through a slow
time correction, the slow time being the variable T = € log¢. This suggests
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trying for ¢ the ansatz

¢ ~ er*IG(r —t,w, 7).
Since

-1 -2, -3

Or G = —taﬂG 4+ 0(r™),
r
the function G should satisfy the equation
—282.G + g(w)(3,G)(32G) = 0.

This asymptotic analysis is due to Hormander [24]. It is the starting point for
the heuristic understanding of the lifespan of the solution: in the general case,
the equation for G is nonlinear, so that G is expected to blowup in finite time
79, which suggests a lifespan T, ~ exp(tg/€) (compare with the theorem in
section 9.4); if the equation satisfies the null condition, g(w) = 0, suggesting
global existence.

b. The weak null condition Suppose now we deal with a diagonal system of
wave equations with source terms

O’ = Fijf ¢/ )0p9"), 1 <i < N,

where the coefficients Fgﬁ are real constants. Using the same ansatz as before,
we obtain the system

—202,G' = Fyj(0,G/)(3:GY), Fijx = Fijpwqwp.

This is a system of ODEs in the variable T on the functions 9, G'. In [40], the
authors introduce the following definition.

Definition The original PDE system is said to satisfy the weak null condition
if the ODE system on G has, for all data, global solutions growing at most
exponentially with 7.

Since exp Ct = t°¢, the weak null condition suggests global existence for the
PDE system. However, this is far from being proved, as shown in [8].

c. The Einstein equations If we forget that the wave operator associated with
the metric g is not the standard [J, we can think of the system of the Einstein
equations in harmonic coordinates as being of the form discussed in b. With
this approximation, it is shown in [40] that the Einstein equations satisfy the
weak null condition. This is an important fact in the proof in [41].

The conclusion is that, in the study of Einstein equations, and more generally
in the study of systems of wave equations or hyperbolic symmetric systems
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with an unknown u € R”, it is an essential step to understand the “duality”
between the good derivatives of u and its good components. Note that in the
present case, as well as in the case of the Bianchi equations briefly discussed
in section 9.3, the same null frame is used to identify the good derivatives
(e1(h), ex(h), L(h)) and the good components k7, dhy 7. In a more general
situation, it could occur that one has to construct a null frame in the physical
space to identify the good derivatives of u, and another frame (with which
properties?) in R" to capture the good components of #. An example of this is
to be found in [8].

9.7 The formation of black holes

We refer the reader here to the monograph [16] by Christodoulou. We will not
discuss here the heart of the book which is what the author calls the “short
pulse method” or “third method” (the first two methods work with Bianchi
identities and with null frames, as explained in section 9.4). We only want
to point out the construction of the optical functions, which is very close to
that of section 9.3. The author first constructs a timelike geodesic line I'y, and
considers the outgoing future null geodesic cones with vertices on I'g. The
optical function u is then taken to have these cones C, as level surfaces. For u,
its level surfaces are assumed to be the past incoming geodesic cones C,, with
vertices on I'y. The exact values of u and u on I'y depend only on two functions
of one variable, which leaves much less flexibility than in section 9.4, where
u and u depended on the choices of two functions of three variables. Despite
this fact, it turns out that these choices of u and u are relevant, since in the end
some sphere of the foliation

Su=CuNC,

turns out to be the desired “trapped surface.” We will not explain this term, let
us only say that a trapped surface indicates a black hole singularity, as explained
in [23] for instance.
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